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Some Remarks on History of
Mathematical Problem Solving

BERND ZIMMERMANN

Abstract. In this contribution, it is our goal is to look on history of mathematics as a
resource for a long-term study of mathematical problem solving processes and heuristics.
In this way we intend to get additional information, e. g., about heuristics which proved
to be extremely successful to create new mathematics. ”Changing representation” and
”false position” are examples of such strategies, which are illustrated by concrete exam-
ples to demonstrate the use for classroom teaching and teacher education. Our methods
are based on hermeneutic principles.
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Introduction

Problem solving can be seen from quite different aspects. Some of these are
as follows:

(1) Ubiquity: A problem is to be solved at the beginning of many mathematical
activities - may it be a practical or a theoretical one. This was a normal
situation during history (not only) of mathematics and still might happen
very often in everyday situations.

(2) Person dependence: If a person tries to solve a problem, this person experi-
ences a difficulty or a barrier. In contrast, a task can be solved by applying

The paper, based on a lecture hold at ICME 10 in Copenhagen 2004, TSG 18, Problem Solving.
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well known routine methods. Thus, it depends on the disposition and the
experience of the respective person, too, whether a situation is a problem or
a task ([20], p. 74, [23], p. 15).

E. g., it might be a problem, too, to (re-)construct basic methods of
calculation for persons without formal schooling (as in so-called ”street-
mathematics”, analyzed e.g. in [15]) .

Context dependence:Furthermore, there are hints that sometimes experience
in normal life seems to be more effective to foster some problem-solving abili-
ties than instruction in formal methods at school: Kupari [12] reported results
of a successive TIMSS-study, in which Finnish pupils outperformed students
from all other countries (involved in that test) especially in the domain of
probability. The Finnish pupils were the only ones who had no formal in-
struction at school in that domain before that testing!

Conclusion: there seem to be several good reasons to analyze mathemati-

cal problem solving processes in different settings and situations and from quite

different perspectives.

Until now there are at least the following methods to analyze such processes:

Observation of pupils in laboratories, in small groups and in (more or less)
natural settings by using thinking aloud methods, interviews and other meth-
ods like introspection are very well known since many decades ([3], [5]).
New technical possibilities (e. g. FMRT = functional magneto resonance
tomography; PET = positron emission tomography) in brain research lead
to very interesting results [22] which shed some new light on problem solv-
ing processes and furthermore they seem to support the basic statements of
constructivist learning theory [6].

Goal: Analyzing problem solving processes in the history of
mathematics

An additional method for getting more information about mathematical prob-

lem solving processes might be a careful analysis of testimonies from history of
mathematics.

Some advantages of such method are as follows:

e There is especially the possibility of long term studies of cognitive processes

and activities that cover several thousands of years. In this way, it might
be more easy (than by analysis of individual problem solving processes) to
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highlight ”invariants” (and variants) of thought processes and heuristics in-
volved, which proved to be especially effective and productive for creating
new mathematics. Such analysis might reveal more information about habits
of thinking, too, that were connected with difficulties in problem solving and
which might have hampered the development of mathematics.

e The huge amount of material might offer not only an analysis of problem
solving processes across a long range of time but also across many different
persons in very different social and cultural settings. In this way one might get
additional information about individual differences in problem solving styles.

e In this way one might get further possibilities not only to test well known
hypotheses about mathematical problem solving but also to generate some
new ones.

¢ Knowledge about thinking processes at different times in different countries
and different cultural settings might yield also additional possibilities to in-
terpret and understand pupils’ thinking processes of today. Thus, not only
modern learning theories but also such knowledge might help to foster the
diagnosis-competence of student teachers and (beginning) teachers.

¢ On the basis of such experience there might be supplementary consequences
for educational action of today: Furthermore, one might get more support to
carry out more effective instruction methods for differentiation.

e One might get also some help for curriculum planning (including development
of standards). E. g., thinking methods — especially those ones, that proved
to be useful already for several thousands of years — should be useful (with
high probability) also for the next thirty or forty years. When dealing with
applications in mathematics instruction — which is of course very important,
too, and which was reinforced by PISA just recently — one has to be aware
that it is much more difficult to make a prediction of future use of such more
time depending settings. Hence, such studies might yield some possibilities to
reduce the tendency of modernistic and populist determination of educational
objectives.

Of course, there are also some risks and disadvantages combined with this
approach:

o Historical texts normally have not been written to present or to reveal prob-
lem solving processes.
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e Furthermore, especially well-known books like the Elements of Euclid or the
Chinese ”Nine Chapters of Mathematical Technique” are compilations of sev-
eral authors. Therefore, they are more the result of collective than individual
problem solving processes.

e Because of the fact that the so called "original” text is very often the out-
come of reiterated copying-procedures, it is often very difficult to judge the
authenticity of a written text. So, it is also hard to learn something about
the original thoughts of ”the” author.

e Even in case of (obviously) original texts (as, e. g., very often in case of
cuneiform-texts) one has the problem of translation and — consequently — of
interpretation. One can try to minimize these problems by intensive studies
of other texts about similar themes of the respective time. But, of course,
there are also problems to interpret problem solving processes of pupils of
today, because every observer is bound to his own observational framework
and habits.

Methods: How to analyze history of mathematics?

The main method of analyzing and understanding historic testimonies is — of
course — a hermeneutic one ([19], p. 132). Hermeneutics — originally concerned
with the interpretation of ancient religious texts — is nowadays understood as
a general method of human understanding and interpretation ([19], p. 132).
Generally, we follow Kockelmans ([11], p. 83) (as cited in [19], p. 133):

”The task of hermeneutic interpretation is to critically examine ... fore-
knowledge of the world and of the phenomena we encounter there, with the inten-
tion of coming to a deeper comprehension of these phenomena .... The canons
have no other function than to help us make explicit systematically what implicitly
was already there before us.”

These ”canons” or rules of interpretation of historic testimonies are as follows
([19], p. 134):

The interpreter — e. g. of historic text — should try to

(1) Respect the autonomy of the object: The meaning of the object which he
intends to study must not be projected into it; it must be derived from
the phenomenon itself. So, one should strive for self-understanding of the
phenomenon as far as possible.
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(2)

Make the phenomenon mazimally reasonable, e. g. making aware and re-
flecting possible prejudices about the meaning and the place value of the text
of famous authors as, e. g., Euclid and Archimedes, due to other views on
and understanding of mathematics of historians or mathematicians in modern
times. Therefore, an appropriate approach to an adequate understanding of
ancient texts can be achieved only from ”"neighboring” texts from the present
or foregoing times.

Get greatest possible familiarity with the phenomenon, taking into account the
complexity of the object and its interrelatedness to other important aspects,
e. g. other testimonies of the "same” author of the text or further translations
and interpretations of other authors of the respective text.

Show the meaning of the phenomenon (text) for his own situation. In this
case, it is quite clear: We are interested in elements of thought processes and
heuristics, which might be enclosed in the historic text of our inquiry.

Follow the hermeneutic circle.

”The hermeneutic circle is essential a very general mode of the devel-
opment of all human knowledge, namely the development through dialectic
procedures. It is assumed that there cannot be any development of knowledge
without some fore-knowledge. The anticipation of the global meaning of an
action, a form of life, of a social institution, etc., becomes articulated through
a dialectical process in which the meaning of the ’parts’ or components is de-
termined by the fore-knowledge of the "whole’, whereas our knowledge of the
‘whole’ is continuously corrected and deepened by the increase in our knowl-
edge of the components.” ([11], p. 85)

So, we have to follow at least the following three steps, perhaps repeatedly,

forming a "loop”:

a)

We have to start with a previous knowledge of the object of our inquiry.
We have some understanding of (specific) heuristics and their meaning and
importance in our days. This understanding is mainly shaped by the work of
G. Pdlya ([16], [17], [18]).

With these goals and understandings in our ”back head” (e. g. of ”successive
approximation”, see below) we try to study historic testimonies with respect
to corresponding and related thought processes to learn more about origins,
development and impact. Interpretations and outcomes have to be checked
very carefully.

Thus, we may come to a deeper and more differentiated understanding of
heuristics and related or connected thought processes. In this way, we can



56 Bernd Zimmermann

come back after restructuring, refinement and augmentation of our original
understanding to our starting point a), which can initiate inquiries for further
studies in historic or cultural areas, not under consideration until now (cf.

b)).

Interest in heuristics, un-
derstanding of heuristics

Checking of this analysis; chang-
ing, refining and augmenting
understanding and interests

Analyzing history of math-
ematics on this background

Figure 1

Results: Spotlights on two strategies

On the basis of these ideas we want to present two examples of problem
solving strategies, which proved to be very effective as well in past as in present:

e changing representation,

e false position.

Example 1: Changing representation

Bruner [1] discussed different representation already some 60 years ago. Jan-
vier [9] has edited a nice book on Problems of Representation in the Teaching and
Learning of Mathematics. The NCTM 2000 [14] highlighted ”Representation” as
one of the key activities in mathematical problem solving. Seidel [21] proved the
importance of different modalities of representation connected with mathematical
giftedness by using modern methods of brain research.
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The solution of quadratic equations is one of the standard topics in normal
mathematics teaching. First testimonies for solution methods we can find already
on old Babylonian cuneiform plates ([8], p. 13, [30]):

a) ”The surface and my confrontation I have accumulated: 0;45 is it.
b) 1, the projection, you posit.

¢) The moiety of 1 you break.

d) 0;30 and 0;30 you make hold.

e) 0;15 to 0;45 you append: by 1, 1 is the equal side.

f) 0;30, which you have made hold, in the side of 1 your tear out: 0;30 the
confrontation.”

Comments:

The writing 0;45 (0;15 and 0;30) is a representation of the fraction % in the

sexagesimalsystem: 0;45 = % = % (0;15 = i; 0;30 = %) (Figure 2).

+ = 0;45

Figure 2

Referring to Hoyrup [8] we give the following (geometric) interpretation:

a) 7The surface and my confrontation I have accumulated: 0;45 is it.

The sum of the area of a square made of sticks and the length of such stick
equals %. So this problem can be represented in modern terms by 2% + z = %
(Figure 3). This is a ”formul-"ation still forbidden for Viete more than three
thousand years later, because ”inhomogeneous” magnitudes as areas and lengths
were not allowed to be added together! Furthermore, the sticks of equal unknown
length seem to be handled as if their length was already known. So, one can think
here that "working backwards” was used implicitly. (Of course, every solution
process of a modern equation can be seen in this way! Therefore ”algebra” and
”analysis” have been often used as synonyms at Descartes time.)

b) 71, the projection, you posit.”
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Figure 8

This is very tricky, because in this way one can interpret that the (unknown)
length of the stick was transformed into an area (shaded) of the same measure
by multiplying with the length 1 of the unit.

¢) "The moiety of 1 you break, 0;30 and 0;30 you make hold.”
The stick of length 1 is broken into two parts of length % The ends are put

together, form-ing a square of area % . % = i (Figure 4).
0,30
Figure 4

d) 70;15 to 0;45 you append: by 1, 1 is the equal side.”

This shaded square with area % adds up with the area of the grey ”angle” % to
a total area of 1. The corresponding quadrilateral is equilateral with side length
1. Obviously, we have here the literal process which we call today ”quadratic
completion”, nearly four thousand years ago (Figure 5)!

Figure 5
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e) 70;80, which you have made hold, in the side of 1 your tear out: 0;30 the
confrontation.”

As x + % =1 is also true, we have to subtract % from 1 and get so % for the
length of the sticks, you have put together (Figure 6).

*>—=—>
¥ +0;30 =1

Figure 6

What kind of chances and stimuli this material might give to mathematics
instruction? Here are some suggestions:

— Of course, one might give the ”original text” ( Hoyrup’s [8] translation a) -
f)) to (teacher-)students with more or less comments and let them find possible
interpretations, let them compare with the interpretation just given and let them
discuss this.

— Normal pupils of grade 8 can be given the following (initial) problem (ex-
amples are taken from the textbook MatheNetz Vol. 8 (for grade 8), E3, p. 99.):

There is a square of unknown side length x. Place on one of its sides a

rectangle of breadth = and length 1. The total area is %.

If necessary and depending on the amount of freedom you want to give to your
pupils, you might (let them) add drawings similar to those in b). Furthermore,
you might supplement even the main idea of the ”Babylonian” method (separate
the rectangle in two congruent parts and move them in such a way, that you can
complete the figure into a square as shown above).

Then you might pose the following questions:

i) How large is a7

ii) Now the total area should be 3 2 (and not $). What is  now?

iii) Determine z, if the supplemented rectangle has a length of 2 and the total
area is 3.

iv) Invent similar problems.

v) Try to reverse the aforementioned process: Given a solution, look for fitting
problems. Given a square with given area, which is dissected into two squares
(one with given area) and two rectangles. Try to rearrange the ”unknown”
square and the two ”partly” unknown rectangles in such a way that you

receive only one rectangle of given area. Formulate an appropriate problem.
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Here you have not only the possibility for implicit training of working back-
wards, but also for changing representation. There are many possibilities to move
back and forth between algebraic and geometric representation of quadratic equa-
tions. Of course, discussing zeros of graphs of quadratic functions might lead to
another well-known representation.

Example 2: The method of false position [31]

The method of false position is of similar importance as changing represen-
tation. It had been already applied by ancient Egyptian mathematicians [2] and
can be seen, e. g., in relation to the ”regula falsi”, the method of successive
approximation (up to modern forms of iterations) and working backwards [27].

Some time ago my students had to make some practice in teaching. The
subject was fractions in grade 5.

In the first lesson in her life one of our student teachers presented the following
problem to fifth-graders:

Peter gets a specific amount of pocket money for one week. He spends 1—30 for

a ticket for a movie. He buys a cake for %. He likes ice-cream very much,

therefore he buys one for % Finally he buys chewing-gum for 1—10. At the end
of the week there is 1.50 € left. How much pocket money Peter got in this

week?

You have to take into account that the pupils had the following prerequisite
knowledge about fractions:

¢ They learned some basics about fractions and different representations.
¢ They knew how to expand and how to cancel fractions.

e They made first experience with the addition of fractions with the same
denominator.

Two girls presented the following solution at the blackboard (P=pupil):

P: Let’s assume that he receives 20 € in this week. Now we use and check
the given data.

One pupil drew a long line at the blackboard and marked 0 at the beginning
and 20 at the end of this line. Subsequently, she divided it into 20 parts of equal
length (Figure 7).

Then they started — beginning at 0 — in marking the appropriate amount
of money after changing all given fractions into fractions with denominator 20
(Figure 8).
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Figure 7
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Figure 8

P: First Peter spent 6 € for the movie (first red line), than he bought a cake
for 5 €. Further-more the ice-cream was 4 €. Finally he had to pay for the
chewing-gum 2 €. So we come to 17 €. Then there should be a rest of 1.50 €.
So we come to a total of 18.50 €. But there would be still 1.50 € left!?

The student teacher suggested now to make another trial, because — quite
obviously — the assumed solution of 20 € must be wrong. So this thought process
of the pupils was brought to an end by the teacher student.

Another possible continuation could have been as follows (T=teacher):

T: So you have still some money left. Or: So you don’t have left 1.50 € but
3 € — twice as much you should have. What to do now?

P: Possible reaction: If the amount left is twice as much we should have,
perhaps we assumed also twice as much pocket-money than Peter should have at
the beginning of the week. So we have to divide 20 € by 2 and get 10 €.

It might follow now a check (verification) of this new assumption.

The process offered by the pupils can be interpreted as the beginning of the
procedure of the well-known method of ”false position”. Of course, by drawing a
number line, one can also say that the pupils made three changes representation:
first, they changed the problem from a problem with fractions into a problem
with integers; second, they made a visual representation of the numbers and,
third, they represented the addition of numbers by the composition of lines of
appropriate lengths.

Discussion and outlook

By presenting these two examples I try to point out the following issues:
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Ex. 1 can help to make clear, that examples from history can foster problem
solving abilities of pupils from today, especially using the power of visualiza-
tion. It is especially important to give more meaning to abstract routines
as solving quadratic equations and, therefore, to give the opportunity to the
pupil to improve their understanding.

Ex. 2 can help to clarify that knowledge of the teacher about problem solving
processes and methods from history might help to become aware of, inter-
pret, understand and appreciate problem solving processes of pupils from
today in a deeper and more encompassing way. Thus, appropriate studies
of and experience with history of mathematics might help (in addition to
learning-teaching-experiments [10] (Kilpatrick’s young pupils were most suc-
cessful when applying ”successive approximation” (similar to ”false position”)
to solve word problems) and learning theories) to foster teachers’ competence
to identify powerful methods in the thoughts of pupils. In this way the teacher
might become more sensitive for the capacity of pupils, too. This might help
to improve teaching abilities, not only of pre-service teachers and beginning
mathematics teachers.

Such classroom experience results in a major reinforcement of my motivation to

carry out an analysis of mathematical thought processes and heuristic methods
in history of mathematics in more detail ([25], [26]).

(1]
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