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Teaching geometry using computer
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Abstract. In this work we study the development of students’ creativity using computer-
aided-teaching during IT classroom. Teaching geometry in Bolyai Grammar School
specialized natural science classes is not an easy task. Here is introduced a new didactic
means of teaching geometry which nevertheless requires the same effort to understand
the material, but uses a different more active method to familiarize students with the
topics. Traditional methods, and the use of compasses and rulers are not omitted either,
as they develop the students’ motor skills.
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1. Introduction

Teaching mathematics in a secondary school is a very difficult task, its most
interesting area being geometry built axiomatically. Helping students to under-
stand and learn new theorems in geometry is an exciting task from a teachers point
of view. Some psychological and didactical surveys show that the acquisition and
learning of geometry in the secondary school is a very difficult task. This could
be due to a lack of problem-solving-thinking or to the decreasing creativity of
the students. Consequently few schoolchildren get to know the amazing world of
the science of the Ancient Greek geometers’. The incompleteness and imperfect-
ness of representations on paper and limited time available hinder the learning of
axiomatically-based theoretical geometry. A great number of geometrical figures,
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their symmetries, perfectness and variety remain unknown for some students who
have finished secondary school. One of the most important tools for children in
the XXI century is their companion, the computer. Applying the computer in
the teaching and learning processes plays an important role. It is important how
we introduce the computer during the course of teaching and learning from the
aspect of the achievement of the cognitive processes. The appearance and rapid
development of dynamic geometry systems (DGS) has brought rapid progress in
the teaching of geometry. My research aim is to map out in which proportions it
is necessary and sufficient to apply it, since visualization on the computer is not
the only teaching-device we have at our disposal to use during geometry lessons.
Besides understanding the theorems, our students should find good proofs and it
is necessary to practice the elementary geometrical constructions using compass
and rulers. It is important to find an optimal qualitative and quantitative bal-
ance during lessons of time spent on the visualization and theoretical proofing of
constructions.

I have been teaching Geometry 1 at Bolyai Grammar school for gifted pupils
specializing in mathematics and natural sciences for more than four years in Senta.
They have 144 geometry lessons per year and I teach every 4th lesson; that is
25 percent, all of which are held in the IT classroom. Some 75 percent of the
lessons are “classical” geometry, using paper in “classical” constructions using
pencil, rulers and compasses, because they have to develop their motor skills.

My method is: every student has a desk and a computer; pictures of the
main/teacher’s computer are reflected on the whiteboard, so that the students
can follow the instructions. They can recognize new aspects using DGS. They are
able to find new methods of proving theorems; they gain a visual perception of
the properties of the given problem by “moving” the basic points on the drawing.
This kind of imaging is impossible in classical constructions in geometry, because
it would entail drawing hundreds of accurate, precise constructions on paper. I
expect the students to be able to visualize mathematical and geometrical problems
and achieve the problem-solving abilities at the end of the course. This teaching
is unique in Serbia because the language of learning is Hungarian, and we are
able to teach our students according to the plans of the special mathematical
grammar schools in Belgrade, Novi Sad, Kragujevac and Nis. Considering that
my students needed help in learning Geometry, and as I have read and studied
some papers of eminent Hungarian and American researchers I have found that
(as David Tall says in his book):
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Although the experts in mathematics may claim to share a coherent
notion of proof, the cognitive development of proof is dependent on the
cognitive structure and representations available to the learner at a given
time. The formal concept of proof in terms of definition and logical de-
duction has a significant cognitive difficulty; it requires a reversal from
“concepts described verbally” to “verbal definitions which prescribe con-
cepts”. This is likely to be highly confusing to non-experts. [13]

And in the study [14] he also writes:

By using suitable visual interpretations of mathematics it may be possi-
ble to draw one or more pictures which in total are formally generative, in
the sense that they may be interpreted appropriately by some students to
lead to corresponding formal arguments. For some students (successful
natural learners), the pictures may allow them to construct a personal
meaning for the definitions which allows them to build a rich concep-
tual structure to support the formal mathematics. For others (successful
formal learners), working by interiorizing the definitions and reflecting
on the formal proofs may also lead to successful under- standing of the-
orems and proofs, although further cognitive reconstruction is likely to
be needed if the student wishes to integrate these new formal ideas with
older intuitions.

The use of computers in teaching is based on some aspects of David Tall [15]:

The introduction of computer technology brings a new refinement to this
theory. Whereas mode 1 is seen as the individual acting on and experi-
menting with materials that are largely passive, a computer environment
can be designed to re-act to the actions of the individual in a predictable
way. This new form of interaction extends Skemp’s theory to four modes
(Tall 1989) where building and testing environments are:

e Inanimate: the stimuli come from real objects which the individual
may also be able to manipulate,

¢ Cybernetic: the stimuli come from systems which are set up to react
according to pre-ordained rules,

¢ Interpersonal: the stimuli come from other people,
e Personal: the stimuli are from the individual’s own cognitive struc-
ture.

The new cybernetic mode of building and testing concepts accords rich
possibilities for the learning of mathematics.
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This is why I decided to institute computer-aided visualization in the teaching
and learning of geometry in our school. The Simsone-line of the triangle with
animation is one of the examples in our work:

This visualization helps to:

* develop/improve spatial and perception skills;

e increase the intuitive talents;

o predict the theorems, and the properties of geometrical figures;

e increase divergent thinking and the checking of new ideas;

e recognize the “visible” proofs;

e motivate the students’ activity;

e increase the students’ enthusiasm.
The disadvantages of computer aided teaching are:

¢ a decrease of the proving claim;

¢ the deficiency of mathematical rigorousness, “since everything is visible on

the drawing”;
e that some students find the computer is inflexible and hence they become
frustrated;

e it is still expensive for schools.
There is a 90-minute-long written exam in the school every three months, which
contains tasks that have been taught in the previous three months, i.e. - problems
to solve and prove. The chosen tasks are from our course book [6], which was
translated into Hungarian by me. There are students from all over Vojvodina in
our school, with different backgrounds, schools and teachers. But all of them are
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talented at mathematics, as all of them have passed the entrance exam and been
accepted into this special grammar school to be taught through the Hungarian
language, which is unique in Serbia. In Schoenfeld’s [10] we find the four categories
of mathematical behavior:

e Resources are the body of knowledge that an individual is capable of bringing
to bear in a particular mathematical situation. Our students come from many
different cities and settlements in Vojvodina. Some of them learnt mathemat-
ics in Serbian. They had courses that prepared them for our entrance exam,
but their primary knowledge is very different. They usually need differential
preparation and teaching to develop.

o Heuristics are rules of thumb for effective problem solving. They are fairly
broad strategies for making progress on unfamiliar or difficult problems. Vi-
sualization helps students to find and investigate special cases, to exploit
analogies, to explore different properties and to “work backwards”. The first
generations could use only their own imaginations and drawings on black-
board and paper. New generations gained experience in the visual percep-
tion of exploration. Observing specific cases, such as equilateral, isosceles
and right triangles, or choosing one of the elements of a figure as a special
value (after which the others are easily calculated), then one can spilt the
given problem into subgoals, each of which is an easier but related prob-
lem, thus leading to the complex solution. Subsequently one can formulate
a conjecture of the theorem, and can prove it. The straightforward solution
of a Polya’s geometry problem by means of an easier, related problem calls
for (1) knowing how to use the right strategy; (2) knowing the appropriate
strategy-versions for that problem; (3) generating appropriate, easier, related
problems; (4) assessing the likelihood of being able to solve and exploit each
of the easier problems; (5) choosing the right one; (6) solving the chosen
problem; (7) exploiting its solution. [8]

o Control deals with the question of resource management and allocation during
problem-solving attempts. The old group, before I began using visualization,
could not be sure in the accuracy of their solutions in every case, because
drawings on paper were not sufficiently precise, despite their accurate work.
It was easier to measure some elements and to construct difficult figures
using DGS. The new group tried to move basic elements on the computer’s
construction and was able to find out how these movings, transformations
change the given figure.
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o Belief systems are one’s mathematical world view, the perspective with which
one approaches mathematics and mathematical tasks. The old group didn’t
have visualization; their imagination was the only thing they could use in
solving the problems. The new group learned how to analyze some problems,
and find a “tool” that helped them understand the unfamiliar questions,
because each problem can serve as archetype for a large class of problems
solved by similar techniques, although the key to each is different.

2. Learning the mathematical concept by SKEMP

In our everyday lives a large part of the knowledge we use is acquired directly
from our environment and is not so abstract. The special difficulty of Mathematics
and its power resides in its substantial abstraction and universality. Although
the basic principles of teaching Mathematics are simple, knowing them is not
important to the ‘recipient’ in the communication system (the student), but more
necessary for the ‘sender’ (the teacher, who gives the mathematical concepts).
The first basic principle is: We can’t give concepts to anybody with definition
of higher order of his/her knowledge, but if we show many suitable examples,
one can understand the essence of the concept. The second basic principle is:
We must be sure that the student still knows basic essences of the new example.
Geometry looks like an environment where it is worth examining the visualization
and the symbols, because drawings have a great significance. These symbols have
a more abstract meaning than the visual drawings of some objects. The difference
between the two kinds of symbols - the picture and the word - is that the picture
looks like the given object, but the word doesn’t have to be the same. In summary,
the opposite characteristics and the characteristics complementing each other [11]

are:
Visual Verbal-algebraic
abstract space characteristics abstract properties independent from the space
difficult to explain with words easy to explain with words
demonstrates individual thinking demonstrates socialized thinking
integrated, shows the structure analytical, shows the details
simultaneous one after the other (one-by-one)
intuitive logical
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The child’s mathematical thinking means many things: it is partly a contact
with an adult, a solo-activity with its own problems and strategies for its solution,
or an informal idea of his/her own intuitions. He/she sees mathematics as an
arbitrary series of actions, a set of tricks planned as an obstacle. That is why we -
the teachers have to examine the approach to the central problem of the cognitive
and educational process.

3. Introduction into the different types of geometry

As Munkécsy Katalin writes in [7]:

Students should know that Geometry (and generally Mathematics) is not
a natural science in classical terms. They have to know that we can’t
guarantee that mathematical theorems which have been proven are surely
true, but still, they have been working well in past millenniums.

During the time of introduction and study of Hilbert’s axioms, we become ac-
quainted with the fact that there are 21 assumptions, which underline the ge-
ometry published in Hilbert’s classic text “Grundlagen der Geometrie” [3]: the
incidence axioms, ordering axioms, congruence axioms, continuity axioms and the
single parallel axiom equivalent to Euclid’s fifth (parallel) postulate, as we can
read in Euclid’s “Elements” [2]. But it is our mission - the teacher’s duty today
- to show the different possibilities of this axiom of parallels. At this point, the
three basic axioms are presented: Playfair’s, Lobachevsky-Bolyai’s and Riemann’s
axiom of parallel lines. There are three classes of constant curvature geometries in
three dimensions. All are based on the first four of Euclid’s postulates, but each
uses its own version of the parallel postulate. The “flat” geometry of everyday in-
tuition is called Euclidean geometry (or parabolic geometry), and non-Euclidean
geometry is called hyperbolic geometry (or Lobachevsky-Bolyai-Gauss geometry
in [1]) and elliptic geometry (or Riemannian geometry). Spherical geometry is
a non-Euclidean two-dimensional geometry. We use “Bolyai.exe” software writ-
ten by Szilassi Lajos, [12], for experimenting with hyperbolic geometry, where
students can understand the concept of the “line” and find out to their great
surprise, two or more parallels to the given “line”. The concept of infinity, that
the boundary of the main circle in the Poincaré-model is not in “our world”, is
very important.
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Students usually construct some triangles in this Poincar’e-model, to find a
sum of the angles of the triangle and count the defect of the triangle. So they
understand that the axiom of Lobachevsky-Bolyai is equivalent, that the sum of
the angles in that triangle is less than a straight angle. The special case of the
triangle with zero sums of the angles is always found to be amazing. I always take
a tour to astronomy and tell them the true story about Albert Einstein’s “Theory
of General Relativity”, that in May, 1919, a team led by a British astronomer,
Arthur Stanley Eddington claimed to have confirmed Einstein’s prediction of
gravitational deflection of starlight by the Sun while photographing a solar eclipse
in Sobral, northern Brazil. [4]:

The perihelion precession of Mercury was the first evidence supporting
the fact that general relativity is correct. Sir Arthur Stanley Eddington’s
1919 expedition in which he confirmed Einstein’s prediction for the de-
flection of light by the Sun helped to affirm the status of general relativity
as a likely true theory. Since then, many observations have confirmed the
correctness of general relativity. These include studies of binary pulsars,
observations of radio signals passing the limb of the Sun, and even the
GPS system.

I show them a picture from the report of Sir Arthur Eddington on the expedition
to verify Albert Einstein’s prediction of the bending of light around the Sun, the
great center of gravity. This is a real model of non-Euclidean geometry in nature.

Spherical geometry is a non-Euclidean, two-dimensional geometry. I use the
Léndrt Sphere kit to study spherical geometry, [5]. Our school has seven sets
of these Lénart Sphere since the “Bolyai Farkas Foundation” donated them to
us. This tool is very useful, and my student like it. These geometry construc-
tion materials allow primary and secondary school students to investigate spher-
ical geometry using a real sphere and the spherical equivalents of a compass and
straightedge. With these new tools, students can com- pare and contrast relation-
ships on the sphere with the corresponding relationships of Euclidean geometry.
Working with non-Euclidean geometry keeps students’ thinking fresh and deep-
ens their insights into planar geometry. Investigating spherical geometry requires
students to think creatively. And hands-on work with the Lénart Sphere is a great
opportunity for students to increase their spatial visualization skills. Naturally,
we mostly study the wonderful world of Euclidean plane geometry.
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4. The task

The given problem was Euler’s line. The preliminary knowledge of the stu-
dents contained the important points of the triangle, as the center of the cir-
cumcircle, orthocenter, center of the inscribe circle and the centroid, which were
studied during two lessons. First, the definition was given, and we constructed it
on the acute triangle. The next step was its proof, to show correctly the related
theorem and properties. The third thing was the construction of that important
point, special cases of the isosceles, equilateral and right-angled triangle. The
homework was the case of the obtuse triangle. The students were asked to make
a good construction of adequate accuracy. This homework was checked by me,
and I pointed out incorrect details and imperfect constructions.

The examination contained three parts (phases): 1. Visualization on the
computer; 2. Comprehensive tasks on marking; 3. Revision after the winter
vacation.

Until we got to the proof of the property of the Euler-line OTH, my students
knew the basics of the vector algebra such as their addition and multiplying with
real numbers, and we had proved the Hamilton-theorem:

— — — —
OB+ 0C+0A=0H
as well as the vector equality:
— —
CH =2 -0C;

if Cy is the midpoint of the segment BC' in the triangle ABC'

4.1. Visualization on computer

After we had given definitions of important points of the triangle, (they had
had preliminary knowledge about these mathematical concepts), we drew them
using DGS. Students were requested to use different colors to mark these points,
S as the center of the inscribed circle, O to the center of the circumcircle, H as
orthocenter, T as the centroid of the triangle. The next step was the moving of
basic points, the vertices of the given triangle. What happened to these impor-
tant points? How did they move? Where were they in different cases? Check
their positions! Students found the answers to these questions themselves. They
recognized the isosceles triangle, the equilateral triangle (there is a function to
measure edges and angles of the triangle), and the right angle triangle. They had
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a chance to examine the cases of acute and obtuse triangles. They were able to
form a theorem about the position of these important points, as if the triangle’s
obtuse points O and H were on different sides of the triangle or outside it. Then
I gave a little help: “Hide for a moment point S, the center of the inscribed circle
of the triangle! Connect points O and H!”

Their answers came very fast: The centroid was on this line OH. At this
moment, we were able to define Euler’s line, as a line which contained the centroid,
the orthocenter and the circumcenter of the triangle. They were satisfied (me,
too!) and with great enthusiasm they made a few animated drawings. They
measured the length of the segments HT and T'O, and they found equality:

— —
2-07T=TH.

This was the appearance of the joy of discovery: “FEureka”. Here are some exam-
ples of their works:
e Student E.A. made his drawing of Euler-line very well, this example is on the
acute triangle, where all important points are inside of the triangle.

e Students B.A. and F.E. made their work on obtuse triangle, where one can
see, that the orthocenter of the triangle and the circumcenter are on the
opposite side of the triangle
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e Student T.S. drew the case of the right-angled triangle, where the orthocenter
is the vertex of the right-angle, and the circumcenter is the midpoint of the
hypotenuse.

e Student N.A.E. drew a triangle without any signs, the important points are
unknown, although well constructed.
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e Student N.L. drew this picture as the Euler-line. At the end of the lesson he
was able to make only this one. But, next time, he recognized his mistakes,
and made a new, better picture with our help.

4.2. Comprehensive tasks onto marking

Comprehensive tasks onto marking were used to compare students’ knowledge
at this level of learning. There was a task to make a classical construction with
compass and ruler. My aim was to develop their motor ability skills, to show the
mistakes in drawing and to raise the level of their accuracy in the construction.
Here are some examples of their works:

e Student H.Z. made a good construction, with appropriate signing, and using
red for the important details. His only mistake was forgetting the capital
letter in Euler’s name. He indicated only Euler’s line.
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e Student B.A. drew the Euler-line with the Euler-circle, showing nine points
on it.

¢ Here is a very good construction from F.E

q:‘.{m&'bﬁ{.l Lieey 5 :‘r'_:.-!!a,r !'-'HCL.IL’-.
* %
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e Student V.I. has no accuracy yet, and he pays no attention to the construc-
tions, but he has “mathematical brain”. He is talented, demonstrated by
what he provided during the last competitions.

e Student L.I. has forgotten that this drawing had to be done with an obtuse

triangle. The accuracy here is not important, although he had an adequate
knowledge of the construction, shown beside the picture.

e CCy “waly, S -
e, g i, ’
H . I'p._,,,_l_ =
S0 4

1. ™

»
L] ) -"l.' * e

Translation: Proof: segment CCy is an altitude of the triangle ABC,
points H and T (orthocenter and barycenter) are collinear points.

4.3. Revision after the winter vacation

Repetition after the winter vacation is always in our teaching plan to practice

the theoretical proofing. It is because repetition is the mother of knowledge:
“Repetitio est mater studiorum”. Here are some examples:

o The best K.T. He is a little talent in mathematics. He works very hard. His
solution was made on the basis of the similarity of the triangles CTH and
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TOC,. This is an excellent work and the nicest and simplest proof of the
property of the Euler-line.

) " i
Hawalboer Wil g cﬁ 20&

Ew ’{“»{Qlﬁdmdo L_,| = QTC(

4 JTx =27C0x N&Qw@g
?uf-rmfuc Oib

“—O’tﬁa Mu% 2 4
he, 5> BT = 273

Translation: Based on the Hamilton-theorem:

— —
CH =20C,
Median line:
— e
CT =2TC,

and angle HCT s equal to angle TC10 as alternate angles,that means trian-
gles CHT and C1OT are similar, ratio of similarity is 2 : 1,

that means
—

—
HT =2T0O

e A well done by B.D. He chose the proof by vectors that had been shown
during the previous lessons, but his stage fright prevented him from doing it
without error. He mistook one coefficient, although he knew the final result.
Here, the vector equality was applied on the median with midpoint and the
centroid, he used the property:

OB+0C =2-0A,

as well as the proportional division of the vector and the Hamilton-theorem,
but he wrote sign O as the center of the inscribed circle. It was only a little
mistake in his work.
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Translation: Points on the Fuler’s line: barycenter, orthocenter and the

center of the inscribe circle

A good V.A. She is one of our greatest “little mathematicians”. Last year, she
won second place on our school “Fekete Mihaly” mathematics competition.
She is very assiduous and conscientious which is why she prepared very hard
for this examined work. She asked H.M., a student from the fourth grade,
to help her in the preparations. H.M. has won every great mathematical
competition in Serbia and some international competitions in mathematics,
informatics and physics. He is a genius. He showed her his own solution
using the scalar product of vectors, which concept was unknown to her. In
his solution he used the feature according to which the two vectors are per-
pendicular to each other if their scalar product is equal to zero. Hence, she
didn’t learn these concepts she tried to remember it without understanding
and the result was there.

Moglokalrmende  na D [:-Mct. Elofogye Lalii -
el ey H ?&r&?}b ﬁkcm'. {"'0‘3*3 OR =& v b O
> it o d{-m = CH

=

t =
5 -—JcH OH c,___a,’*‘?‘j,c’;-?-—or

2\ g Bl u - b d“b(h&tomﬁd%;m-
q\ . m(pda&uumxm’l_ it ww,{._) f‘é-} SPeil =iy,

a3 ® OW Mz oh-F =i ,Eiiimg’f

Ll pagh s OH Bpfunie
;;ﬁ fgf& Wy (on et alhfa:au,) R L Tk

DA pork ax pC D mg&/&'ﬂ?‘f”“:ﬁ

Translation: We construct (order) point O. Then construct point H to
be

S

OH=7+0b+7

+
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Because
N — —
—c+0OH=CH
that means
CH=0H-C=a+1b
Vector @ + b is perpendicular to vector b —a’, because a =b (ABKO is a

parallelogram, intersection of parallels) that why
OK = AB

Same case: vector AH is perpendicular to vector BC', similarly vector BH is

perpendicular to vector CA. Hence point H is the orthocenter of the triangle
ABC.

e AT. who wanted to be good and applied vector equality, the property of
the medians but with wrong points O (circumcenter) and S (center of the
inscribed circle).

—_— -—
AT - ) __
o 4 = :)) - TR
¢ =0 —0C < (5\ +P 4 /~Craltin
e =z { .
E«-"G. IT L""* O MLZAU‘L o 0 7 jﬂf:}ﬁv.ﬁé
= o4 g’ﬁ?" . —
03 = 220> o0 L 57 =5 4
= - * 29
b ol ’ .
d”f“ 2 WVEe NV " 2 9 F
- o) ~ oo e

e There is a not so good N.L., too, who has forgotten almost everything dur-
ing the winter vacation, didn’t pay attention to the teacher’s appeal at the
revision.

5. Plans for the future, continue

The next task for the future is to continue this method into the second- and
third-grades. In the second-grade there is trigonometry and the stereometry in
the official plan. Trigonometry contains the tasks of proving the special theorems
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of Ceva, Menelaus, Ptolemy and Euler’s line using trigonometrical tools,such as
the sine- and cosine-theorems. Here we shall use Mathematica 6.2 software. In
the third-grade there is analytical geometry, to describe a plane using coordinates,
and equations. There are tasks to find and prove the above-mentioned theorems.
Geogebra is very useful. The writer of this essay plans to follow the development
of these students for four years and to test their learning of Euler’s line in the
fourth-grade, because I think that concepts learned from different methods will
give the expected results.

6. Results

In the first phase, visualization helped in the exploration of new concepts,
their properties, and to find and understand new theorems. In the second phase,
students made a recall to the accurate construction made on computers by the
dynamic geometry system. Their drawings were as accurate as possible. They
made an effort to prepare as exact construction as possible using graphite pencil
an A4 paper. The third phase took place one month later, after the assimilation
period. There was an emphasis on theoretical proof. It was enough to remind
them of Euler’s line, and they knew what their task was: from the given triangle,
across the important points of the triangle how one can get to the line OHT. But
not all the solutions were adequate (to my disappointment). The nicest solutions
were different in using geometrical tools, one using isometric transformation, and
another using perspective transformation in their proof, the third student recalling
the proof with vectors.
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