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Abstract. The possibility to visualize the things with the help of today’s dynamic soft-
ware (GeoGebra being one of them), enables the students to see and explore mathe-
matical relations and concepts that were difficult to be presented in the past, prior to
the state-of-the-art technologies. In methodological sense, the contribution of this pa-
per lies in the presentation of a set of visualizations designed to help students better
understand and explore the basic calculus concepts such as continuity at a point, to
examine discontinuity at a point, to display discontinuities and the relations between
continuity and differentiability of single variable functions. In technical sense, this paper
presents creative GeoGebra applets which offer new possibilities that could be of a vital
importance for the future development of e-learning of College mathematics.
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1. Integration of technology in the traditional teaching of
mathematics

The modern vision of education has been relying on the application of new
communication and computer technologies with the aim of grasping new levels of
creativity and knowledge in the context of the investigation.

ICTs and ‘Computer Aided Teaching’ have become an important part of life
today, and are widely used to improve teaching and learning techniques. The
main forms in teaching mathematics with computers are:
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e Web teaching and learning systems.

Using ICTs many Universities have established virtual education and distance
learning systems in the field of mathematics, with all new possibilities for students.

o Mathematics software packages.

Many mathematics software packages have been developed, which have very
powerful, numerous functions, such as: Instantaneous numerical and symbolic
calculations; Data collecting, analysis, exploration, and visualization; Modeling,
simulation, and prototyping; Presentation graphics and animation in 2D and 3D;
Application development.

The goal is to use technologies which need to provide an environment for
active exploration of mathematical structures through multiple representations,
or to show students some aspects of the mathematics that are not possible with
pen and paper. The students can concentrate on ideas; additionally computers
can stimulate the students’ geometric intuition through interesting visualizations
in 2D or 3D, or make it possible to ask questions involving theoretical issues that
are arithmetically too complicated in the traditional way (Dikovic, 2007).

Research suggests that despite the numerous benefits of using technology in
mathematics education, the process of embedding technology in classrooms is
slow and complex (Hohenwarter, M., & Lavicza, Z., 2007). It is true that the
extent of ICT use in the classroom is dependant on the individual teacher.

NCTM (2000) states that:

The effective use of technology in the mathematics classroom de-
pends on the teacher. Technology is not a panacea. As with any
teaching tool, it can be used well or poorly. Teachers should use
technology to enhance their students’ learning opportunities by
selecting or creating mathematical tasks that take advantage of
what technology can do efficiently and well — graphing, visualiz-
ing, and computing (p. 25).

Although students often can work independently of the teacher
when using computers and appropriate software, new technol-
ogy never will be able to replace teachers, since they play vital
roles in technology-rich classroom settings. Thereby, technology
potentially opens up new observation possibilities for teachers,
allowing them to focus on students’ investigations and thinking
strategies while solving mathematical problems (p. 25).

The use of computer packages results in more independent productive stu-
dent activity. Computer lessons require less class teaching and more partner and
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individual work as well as less note taking and more production. For solving prob-
lems and making concepts it is a great advantage that the students can approach
situations numerically, graphically and symbolically (Wurnig, 2008).

The concepts of differentiation and integration are fundamental to under-
standing many mathematical connections with other natural and social sciences,
and with business. To fully understand these mathematical concepts, it is neces-
sary that students have experience through passive observances of the teacher’s
work and through own, active work with multiple and interconnecting representa-
tions (verbal, symbolic, numerical and graphic) of the concepts (Blubaugh, 2004).
In any case, the proper instruction tool must be selected and used in a way so
that technology does not become a barrier between the student and the concept(s)
being addressed.

The visualization that is possible with today’s dynamic software enables the
student to see and explore mathematical relations and concepts that were difficult
to “show” in past prior to technology. The most meta-analysis of research in
the area of instructional technology in education show that students who use
technology in their learning had positive gains in learning outcomes over students
who learned without technology (Waxman, Connell, Gray, 2002).

2. Discovery Learning

Cognitive tools are defined as instruments included in a learning environment
allowing learners to make cognitive processes, like discovery skills, and their re-
sults explicit. Cognitive tools therefore can play a supportive role in discovering
a domain. Important characteristics of cognitive tools are: (Joolingen, 1999)

— A design theory for cognitive tools is necessary to be able to offer genuine
support for discovery learning.

— Cognitive tools have intended and unintended effect on discovery learning
processes. They influence the way discovery processes are carried out and
the learners’ freedom.

— The integration of cognitive tools in a simulation environment.

In this paper some cognitive tools will be presented and discussed, as they
appear in the GeoGebra environment for simulation-based discovery learning.

Discovery learning is a type of learning where learners construct their own
knowledge by experimenting with a domain, and inferring rules from the results
of these experiments. The basic idea of this kind of learning is that because
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learners can design their own experiments in the domain and infer the rules of
the domain themselves they are actually constructing their knowledge. Because
of these constructive activities, it is assumed they will understand the domain at
a higher level than when the necessary information is just presented by a teacher.
Discovery Learning is a method of inquiry-based instruction; discovery learning
believes that it is best for learners to discover facts and relationships for them-
selves (Bruner). [14]

Proponents of this theory believe that discovery learning has many advan-
tages, including: encourages active engagement, promotes motivation, and pro-
motes autonomy, responsibility, independence, the development of creativity and
problem solving skills and a tailored learning experience.

We can define cognitive tools as being instruments that are designed for
supporting cognitive processes and thereby extending the limits of the human
cognitive capacities. In principle anything can be a cognitive tool, for instance a
sheet of paper and a pencil can be a cognitive tool to support the cognitive process
of remembering items, extending the limited capacity of working memory.

When applied to learning, cognitive tools can be seen as supporting learning
processes. Learning processes are the basic entities of describing the activities
a learner needs to do in order to increase his or her understanding of a certain
domain. This can be to remember something, to practice a procedure, to solve
a problem, to set a hypothesis or some other process. Learning processes, when
carried out properly, contribute to the construction of knowledge by the learner.
However, learning processes may be quite difficult for a learner to perform, for
instance because the process is very complex, not understood or because several
learning processes need to be carried out at the same time.

3. Geogebra?

At the moment, GeoGebra (from Geometry and Algebra) is one of the most
innovative, open-code math software (GNU General Public License) which can
be freely downloaded from www.geogebra.org.

GeoGebra works on a wide spectrum of operating system platforms which
have Java virtual machine installed on.

Markus Hohenwarter created free, open-source dynamic mathematics soft-
ware GeoGebra, which is used for both teaching and learning mathematics from
middle school through college to the University level (see Hohenwarter & Preiner,
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2007). GeoGebra offers geometry, algebra and calculus features in a fully con-
nected, compacted and easy-to-use software environment. In other words, this
tool extends the concepts of dynamic geometry to the fields of algebra and math-
ematical analysis.

Designed specifically for educational purposes, GeoGebra can help students
grasp experimental, problem-oriented and research-oriented learning of mathe-
matics, both in the classroom and at home.

Students can simultaneously use a computer algebra system and an interac-
tive geometric system; by doing this, they can increase their cognitive abilities in
the best way.

GeoGebra is dynamic geometry software that supports constructions with
points, lines and all conic sections. It also provides typical features for a Computer
Algebra System such as finding important points of functions (roots, local extrema
and inflection points of functions), direct input of equations and coordinates,
finding derivates and integrals of the entered functions. That is the reason why
GeoGebra is a good choice for multiple presentations of mathematical objects. [6]

The basic idea of GeoGebra’s interface is to provide two presentations of each
mathematical object in its algebra and graphics windows. If you change an object
in one of these windows, its presentation in the other one will be immediately
updated.

To use a dynamic worksheet, students don’t need GeoGebra installed on their
computers. The only requirements are a Web browser and Java.

Also, trained teachers can convert those dynamic, virtual worksheets into
interactive exercises with GeoGebra’s JavaScript interface and through setting
applet parameters. This provides an incredible flexibility; it also allows the cre-
ation of the exercises with automatic feedback or the exercises that are randomly
generated.

For teachers, GeoGebra offers a powerful opportunity to create interactive,
stimulating, online learning environments, the fact that has encouraged many of
them to share free materials on the Internet.

Computer algebra systems (such as Mathematica, Maple, and so on, e.g.) and
dynamic geometry software (such as Geometer’s Sketchpad, Cabri Geometry, and
so on, e.g.) are powerful technological tools for teaching mathematics. Numerous
research results suggest that these software packages can be used to encourage dis-
covery, experimentation and visualization in traditional teaching of mathematics.
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However, researches suggest that, for the majority of teachers, the main prob-
lem is how to provide the technology necessary for the successful integration of
technology into teaching (Ruthven & Hennessy, 2004).

So, the suggested solution for applying technology in the college math teach-
ing is the software packet GeoGebra.

The advantages of using GeoGebra are:

¢ In comparison to a graph calculator, GeoGebra is more user-friendly. Geo-
Gebra offers easy-to-use interface, multilingual menus, commands and help.

¢ GeoGebra encourages students‘ projects in mathematics, multiple presenta-
tions and experimental and guided discovery learning.

— Students can personalize their own creations through the adaptation of
interface (e.g. font size, language, quality of graphics, color, coordinates,
line thickness, line style and other features).

— GeoGebra was created to help students gain a better understanding of
mathematics. Students can manipulate variables easily by simply drag-
ging “free” objects around the plane of drawing, or by using sliders.
Students can generate changes using a technique of manipulating free
objects, and then they can learn how the dependent objects will be af-
fected. In this way, students have the opportunity to solve problems
by investigating mathematical relations dynamically.

o Cooperative learning is the right context for a mathematics course (Dubin-
sky & Schwingendorf, 2004). Lecturing should be replaced by a task-oriented
interactive classroom. The primary role of teaching is not to lecture, explain,
or otherwise attempt to “transfer” mathematical knowledge, but to create
situations for students that will foster their making the necessary mental
constructions. In that sense, GeoGebra provides a good opportunity for co-
operative learning, i.e. cooperative problem solving in small groups, or whole
class interactive teaching, or individual/group student presentations.

e The algebra input allows the user to generate new objects or to modify those
already existing, by the command line. The worksheet files can easily be
published as Web pages.

¢ GeoGebra stimulates teachers to use and assess technology in: visualization of
mathematics; investigations in mathematics; interactive mathematics classes
on site or at a distance; mathematics and its applications, etc.

The deficiencies of using GeoGebra are:
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e Students without previous programming experience will hardly enter algeb-
raic commands in the input box. Although the basic commands are not
difficult to learn, students may feel embarrassed or quite at a loss of what to
do.

» Some methodological approaches (e.g. independent exploring and experiment-
ing) can not be appropriate for many students.

¢ In a technical sense, GeoGebra does not have an in-built support for anima-
tion. So, including the modules for animating in GeoGebra should become
an important technical element for future versions.

o Future extensions of the software GeoGebra will surely include more symbolic
features of computer algebra systems which will further increase possible
complex applications in the mathematical analyses, and 3D extensions.

e Limited research on the impact of GeoGebra on teaching and learning of
mathematics.

GeoGebra has been rapidly gaining popularity among teachers and researchers
around the world, because it is easy-to-use dynamic mathematics software that
combines many aspects of different mathematical packages. In addition, because
of its open-source nature, an extensive user community has developed around it.

4. Using GeoGebra for examining continuity/discontinuity of a
function

Descartes gave the first definition of function continuity saying that a function
was continuous at an interval if its graph could be drawn without lifting a pencil
off the paper. The formal definition of continuity started with defining continuity
at a point, and than the definition was spread to the continuity on an interval.
Although, at first, it seams that there is no connection between the formal and the
informal definition of continuity, our goal is to try to make this connection obvious
to our students by using a certain number of GeoGebra applets. In addition, we
must point out that, with GeoGebra applets, the students get an algebraic and a
geometric solution of the problem at the same time.

In general, we say that the function y = f(z) is continuous at some point
x = a of its domain if, and only if, the following three conditions are satisfied:
f(z) is defined at point z=a i.e. f(a) exists, ill% f(z) exists (i.e. is finite), and

lim ()= (a).
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It is supposed that students hold pre-knowledge like: Function f is said to
be continuous on an interval, if f is continuous at each point x in that interval,
Sum (difference, product) of continuous functions is continuous, or quotient of
continuous functions is continuous at all points x where the denominator is not
zero, or functional composition of continuous functions is continuous at all points
x where the composition is properly defined; Any polynomial function (or e?,
sinx, cosx) is continuous for all values of z, etc.

How does continuity affect limits? What is Cauchy. i.e. epsilon-delta defini-
tion of continuity?

Intuitively, a continuous function is a function for which, changes in some
small neighborhood around input points, result in small changes in the output
points. Because the symbolic relationships between limits and continuity are quite
abstract and complicated, it would be useful to start with the applet designed to
help users understand continuity in terms of limits, i.e. the epsilon/delta definition
of continuity at a point z( (see [20] for function f(z) = 2™, with possibility to
select n, xp and value for €). This applet helps to understand the answer on the
following question:

For any number € > 0, however small, can you find some number ¢ > 0 such
that whenever |z —xo| < ¢ then |f(x) — f(z0)| < € (for all z in the domain of f)?

In order to develop an intuitive understanding and discover of continuity,
next we can consider the following questions: What does it mean for a function
to be continuous? What do continuous functions look like?

z—6
0
T3 T <
EXAMPLE 1. Let f(z) = {2, z=0-.

Vad+z2, >0

See if the given function is continuous at the point x = 0.

With the help of GeoGebra, an appropriate applet has been created, in which
the student gets the following algebraic explanation together with a graphic one
(see Figure 1). The teacher can analyze and explain every segment of the given
algebraic explanation:

The function f(x) is defined at = = 0, since f(0) = 2. The left-hand limit of
the function lim,_o_ f(z) = limz—o_ i—:g = 2, and the right-hand limit of the

function lim, .o, f(z) = limy—o, V44 22 = 2 are calculated. As the left and
the right limit values are equal, the conclusion is that there is a limit value of the
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function lim,_,o f(z) = 2. Since the condition that lim,_,o f(z) =2 = f(0) = 2
is fulfilled, the function f(z) is continuous at x = 0.

On the graphic presentation, the applet also shows that f(z) is continuous
at £ = 0. By moving the “movable” point A along the graph, and especially by
approaching the point x = 0 from the left and from the right, the student can
confirm that the function has no so-called “jumps” when it passes through the
point x = 0.

Graphically, applet shows that f(x) is continuous at © = 0. Student can
move the point A, approaches to point at = 0 and can verify that function has
not “jumped” at z = 0.

0
x=0
0

BT

A Determnine ifthe following
©
l(x}f{

e
Functionfis defined at =0 since f(0)=2

The lefi-hand limit x6__
lim f(x)= lim —=2
w30 %303

The righthand imitlim 100= lim Vasr'=2
a0 Thus, exists im f0)=2
since £{0)=2; lim f(x)=2; lim f(x)=2=f{0)

x>0 x->0

all three conditions are satisfied, and fis continuous atx=0

Ljubica Dikovic, 20.04.2009, Napravljeno programom GeoGebra

Figure 1. The example of the function which is continuous at the point
=0

If a function is not continuous at a point of its domain, it is said that it has
a discontinuity at that point. Why is not a function continuous? What do the
graphs of discontinuous functions look like? What types of discontinuities exist?
Can a discontinuity be removed?

Indirectly, the definition of continuity at a point may make more sense if you
see it applied to the functions with discontinuities.

Also, the presentation of discontinuity at a point and the development of
geometric understanding and recognition of the graphs of discontinuous functions
may be successfully illustrated by appropriate examples done in GeoGebra.
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-1, <0

EXAMPLE 2. Examine the continuity of the f(z) =sgn(z) =<0, z=0.

1, x>0

It would be desirable for the algebraic analysis to precede the graphic pre-
sentation in the following example:

It is easy to notice that the limit value of the function, as x approaches 0
from the right is 1; while the limit value of f(z) as x approaches 0 from the left is
—1. So, as the left- and right-hand limit values exist but are not equal, the point
x = 0 is the point of discontinuity for the given function.

Graphically, this discontinuity is presented as a “jump” at the point x = 0
(see Figure 2). In this case, we can use GeoGebra applet to, graphically, make the
“fine” comparisons of the function values in the small domain around the point
z =0.

Figure 2. The example of the function with a “jump” at the point z = 0.

3r—4, x#1

3, r=1
Examine the continuity of the function at the point x = 1.

EXAMPLE 3. Let f(x) =

The appropriate GeoGebra applet offers the following algebraic explanation:

The function f(z) is defined at the point z = 1, that is f(1) = 3. The
limit value lim,_,; f(z) = lim;—1 32z — 4 = —1 is calculated. Given that the
lim, 1 f(z) = —1 # f(1) = 3, the condition of continuity is not fulfilled, so the
function f(x) has a discontinuity at = = 1.

Graphically, this discontinuity is presented as a “jump” at the point with
coordinates (1, 3) (see Figure 3).
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Determninz if 12 fallawing function s centinuous atx=1

04
34, n A1
4 )= .
g ® { 3, %=1

@ 4o s @ M ;.
Function Tis defined atx=1 since f{1)=3
Thelimitim 16 = i 3x-4=-1
Butlim fi)=-1#1(1)=3,
x>
50 condition
lim ()= -1#f(1)=3
%1

is not satisfied and function f s NOT continuous at e=1

Ljubica Dikovic, 08.01.2008, Napravljeno programom GeoGebra

Figure 3. The example of the function with discontinuity at the point
r=1

2

z°, r<l1

EXAMPLE 4. Examine the function f(z) =< -2, 2 =1. Which type of
2—z, z>1
discontinuity appears at the point x = 17 Examine the discontinuity at the point
x = 1 by using GeoGebra “Include the Trace” option (see Figure 4).

Daterming if the Tollowing function (s continuous atx=1

F
xet
=S 20,
2x, x>1

% ) 7 % Py @ @ T i 5 5 .
Function fis defined atx=1 since f(1)=-2
20 Thenm\mr)n‘v(x;ﬂ
Bu'!v)v"(x):lﬂu):—l‘ -2+ L]

so candition

lim f(0=1(1)
%21

is not satisfizd and function fis NOT continuous atx=1

Gan discontinuity bagemoved?When?

Ljubica Dikovic, 28.04.2009, Napravijeno programom GeoGebra

Figure 4. The example of the function with the removable discontinu-
ity at the point z = 1.

The appropriate GeoGebra applet offers the following algebraic explanation;
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It is easily checked that the left- and the right-hand limit values, as x app-
roaches 1, are equal and are 1. As there is a limit value as x approaches 1, the

function has a removable discontinuity at 2 = 1. If we define that f(1) = 1 instead
of f(1) = —2, then the function would become continuous on the whole real line.

Graphically, the discontinuity is seen as a “jump” at the point with coordinates
(1,-2) (see Figure 4). With the help of GeoGebra “Include the Trace” option,
the students can clearly notice, on the graph, the discontinuity of the function at

r=1.
sin(1/z), x#0
ExXAMPLE 5. Examine the function f(x) = (1/2), 7 . Which type
x, T =
of discontinuity appears at x = 07 Confirm your assumptions by zooming on the

applet the epsilon interval around the point z = 0 (see Figure 5).

Figure 5. The example of the function that has an irremovable dis-

continuity at x = 0.

Prior to the graphical, the students should be offered an algebraic explana-

tion.
4 2720, and (Vn) f(z,) = sin(2n7) = 0. The

The sequence =, = 5~
225504 but (Vn) —1< f(z,) =sin (2n+1)%) < 1.

sequence T, = m
Therefore, the limit value of f(x) when x approaches zero from the right does
not exist. Because f(x) is an odd function, the same arguments can be used for
examining the left-hand limit values of the function. Thus, the function has a
discontinuity of other type at the point = 0. The discontinuity is represented as
a split in the graph at. In this more complicated case, we can use GeoGebra applet
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(see Figure 5) and then compare graphically the function values in e-domain of
the point = 0 (by using the zoom option of GeoGebra).

EXAMPLE 6. Which type of discontinuity the function f(z) = xsin(1/z)
has at the point x = 0?7 What kind of discontinuity does the function f(z) =
xsin(1/z) have at © = 07

Since |z sin(1/z)| < |z|, we can conclude that f(z) tends to 0 when x app-
roaches zero from both sides. This means that the function has a removable
discontinuity at z = 0; or, if we define that f(0) = 0, then the given f(x)
becomes continuous.

What is the connection between continuity and differentiability?

All differentiable functions are continuous, but that does not necessarily work
the other way round: all continuous functions are not differentiable. My work
experience shows that it is very difficult for the students to notice the connections
between limit values, continuity and differentiability. The connection between
continuity and differentiability can be noticed, with the help of applets, on the
following examples:

xsin(l/z), x#0

0, =0
Confirm that the given function is continuous, but not differentiable at x = 0.

EXAMPLE 7. Let f(x) =

It is usual for a teacher to analyze the algebraic solution of this standard
example in a traditional way, but it would be desirable to offer a graphical vi-
sualization of the solution of the problem through GeoGebra. (see Figure 6 and
Figure 7).

The next applet further develops a geometric understanding of the graphs of
continuous functions. The student can easily see that the function is continuous
everywhere, by simply “sliding” the point A along the curve without break.

At the same time, the applet shows that f(z) is not differentiable at the crit-
ical point (0,0). We notice the secant lines through points (0, f(0)) and (h, f(h)),
which oscillate between lines y = z and y = —x. If were differentiable, these se-
cant lines would be approximated by the tangent line in case when h — 0, which
did not happen. The student can watch the tangent lines by moving the point A
along the curve, can approach the point £ = 0 from the left and from the right,
and then visually notice that there is no tangent line at the point (0, 0).
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Parallel with geometrical, the applet in question offers the algebraic proof
that the function is continuous, but not differentiable at the point x = 0.

On the next applet, the students can analyze the situations in which x is
replaced by x2, that is, they can confirm that the result will be a function which
is continuous and differentiable at the point x = 0.

Lo f00= { xsin(1 Vx;, s :; 0

* is continuous, not differentiable atx=0,

fis continuous atx=0, because
-1 < sin(1 %) = 1= |x < xsin(1/x) < x|
lim - < lim xsin(15) < lim p=0 < lim xsin(1/x) < 0

x>0 x>0 x>0 %50

(an application of the Squeeze Theorem)
lim f(x)=0=f(0),
x-20

f(x) is not differentiable atx=0, because

0+h)-f0 h)-0 hsin{1/h
£(0)= fim SO oy KOy B iy singishy=co,
hso M h->a P ohso M h->0

(using the limit definition of the derivative)

Ljubica Dikovic, 08.01.2009, Napravijeno programom GeoGebra

Figure 6. The function is continuous, but not differentiable at x =0

Figure 7. Zoom in (drawing pad) for Figure 6
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Zsin(1/z), = #0

, =0
Prove that the function is continuous and differentiable at the point = 0.

€T
EXAMPLE 8. Let f(x) = {

This applet also develops a geometrical connection between continuity and
differentiability of a function, offering, also, an appropriate algebraic solution to
be noticed and analyzed. (See Figure 8).

fis continuous atx=0, because
252 2
04 1 < sin(11%) € 1= X sin(x) €
2 2 2 2 e
lim -3 < lim xCsin(1x) < lim I} =30 < lim X sin(1/x) < 0 IIT 1(x)=0=1(0),
x-50 x50 x-20 x-30 *20

(an application of the Squeeze Theorem)

100 is differentiable atx=0, because

;

. Mo Wi

KOO iy KD i BIXADD_ i i th)=0.
& ol S L he>0

02 1(0)= lim
30

0.4 (using the limit definition of the derivative)

Figure 8. The example of a function which is continuous and differ-
entiable at the point z = 0.

Conclusion

In this paper, I highlighted some possibilities and examples of how GeoGebra
can be used in classrooms to explore the basic calculus concepts such as continuity
at a point, investigating discontinuity at a point, displaying discontinuities, learn-
ing how to redefine a function to remove a point of discontinuity, and to see the
relationships between continuity and differentiability of single variable functions.
It has been shown that GeoGebra offers many possibilities which help students
to get an intuitive feeling and to visualize an adequate math process. The use of
this software’s tools allows students to explore a wider range of function types,
allows them the flexibility to see mathematical ideas from different perspectives
and enables the students to make the connections between symbolic and visual
presentations.
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