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Compositions of dilations and
isometries in calculator-based
dynamic geometry
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Abstract. In an exploratory study pre-service elementary school teachers constructed
dilations and isometries for figures drawn and transformed using dynamic geometry on
calculators. Observational and self assessments of the constructed images showed that
the future teachers developed high levels of confidence in their abilities to construct
compositions of the geometric transformations. Scores on follow-up assessment items
indicated that the prospective teachers’ levels of expertise corresponded to their levels
of confidence. Conclusions indicated that dynamic geometry on the calculator was an
appropriate technology, but one that required careful planning, to develop these future
teachers’ expertise with the compositions.

Key words and phrases: dynamic geometry, technology, teacher education.

ZDM Subject Classification: D40, G50.

Solving problems in transformational geometry requires students to manipu-
late figures, sketch figures with a reasonable degree of accuracy, use lines, directed
segments, and points in particular ways, and label sketches effectively to commu-
nicate solutions. Many future elementary school teachers have difficulty achieving
this level of precision. This difficulty has led to calls to reconsider the ways in
which we teach transformational geometry and to teach it in a way that allows
students to observe the movements of the figures [9].

Studies support the use of thoughtfully designed sequences of tasks and com-
puter tools to assist in the learning of transformational geometry. In particular,
investigative reports of dynamic geometry software in classrooms support the use
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of activities that engage students in thinking about transformations as compo-
nents of sequences of motions and as functions that require precise instructions to
effect individual motions [2], [8]. Since the mathematics curriculum for prospec-
tive elementary school teachers typically includes both isometries and dilations
as well as a working knowledge of calculators [1], the study reported here investi-
gated future elementary school teachers’ performance on a sequence of geometric
transformations that required both dilations and isometries using calculator-based
dynamic geometry.

The pre-service teachers who participated in this study were enrolled in a
mathematics content course for future elementary school teachers. All prospec-
tive teachers in four sections of this mathematics course participated in the study
and the same two instructors facilitated the instruction on geometric transfor-
mations. Two 110-minute class sessions constituted the treatment involving the
dynamic geometry and in each session students participated in both whole class
and individual activities involving calculator-based geometric transformations.
During the first class session, the instructors use animated displays to introduce
translation, reflection, rotation, and dilation. The instructors also explained how
to construct images under these transformations. Figure 1 shows an image from
the animated presentation for a rotation.

A4 BT ’is the iinage of A4BC under a rotation or
amrn of 90 ° with center O.

We require three details: the center O, the triangle
AABC, and the angle 2 O to find the image A4BC"

Notice that points 1, 2, 3 describe the angle.

Figure 1. Slide from the animated presentation for a rotation

During the second part of the class sessions, the instructors provided students
with opportunities to complete examples of the transformations that corresponded
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to the animations that were presented earlier. Students were then given a set of
instructions that enabled them to view the steps needed for each transformation
on the calculators (viz., Figure 2).

Sample Steps To Dilate or Change the Size of a Figure Sample Steps To Dilate or Change the Size of a Figure

Three items nieed to be selected and entered to dilate a figure: the Figure, the : ;
2. Move the cursor to a location on the screen to display

the number and press ENTER. Next press ALPHA, then
ﬂ key in the number and press ENTER.

‘Al

center of the dilation, and a number showing the scale of the dilation.

1. Use the F1 menu to open D1. Record the number by
first selecting the Alph-Num tool from the F5 menu.

‘To unde, select Undo from F1. To clear an icen, press CLEAR|key. HTO undo, select Undo from F1. To clear an icon, press [CLEAR|key. ‘
‘To clear an object, use Clear Ohject Fom F5. To toggle, use B™ key. ‘To clear an object, use Clear Ohject fom F5. To togale, use 27 key.

Sample Steps To Dilate or Change the Size of a Figure Sample Steps To Dilate or Change the Size of a Figure

3. Belect Dilation from the F4 or TRACE menu. 5. Move the cursor toward the center of the dilation

4. Move the cursor toward the figure until all sides of until the cursor is a dilation symbol with the point
the figure are moving and the cursor is a black arrow. flashing at the center. Press ENTER.
P .
ress ENTER. H
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To undo, select Undo from F1. To clear an icon, press CLEAR|key To undo, select Undo from F1. To clear an icon, press CLEAR|key
To clear an object, use Clear Object from F3 To toggle, use B keey To clear an object, use Clear Ohject from T3 To toggle, use ™ keey

To Dilale a Triangle
1. To dilale we require three delails; the triangle, the cen
dilation factor

Sample Steps To Dilate or Change the Size of a Figure

6. Move the cursor to the number on the screen showing
the scale of the dilation. When the number is

underlined, press ENTER. 2. Decide the three delails.

B, Ea 3. Use theAlph-Numiool [rom the F5 menu 1o place the
™ T'\ 5 + S = 5
| ™ 0.3 4m | 0.3 dm [aclor on the screen.Do this by moving Lhe cursor and pr
| “‘u\_\_ | \‘-\.\\ ENTERwhere you want Lhe [aclor 1o appealVext press A
I B ?\\\_ g, key-in the dilation [solor and press ENTER.
L b | o]
4. Open the F4 menu and then seldilation
To undo, select Undo from F1 To clear an icon, press CLEAR|key 5. Select the Uriangle (wheall sides move), select the poir

enclosed by the dilation symbol}, and then select the dil:
(when il is underlined). A new dilated triangle is created

To clear an object, use Clear Ohject from FS. To toggle, use P key.

Figure 2. Sample steps to dilate and calculator instruction sheet

Students next individually completed a set of four motion geometry activities.
These activities were presented on a handout on which students were asked to
open a prepared file in the calculator to begin a particular activity. Instructions for



“Ferrucci” — 2009/2/18 — 23:16 — page 260 — #4

260 Jack A. Carter and Beverly J. Ferrucci

each activity asked the students to perform a transformation in order to transform
the pre-image below the line into an image corresponding to the image shown
above the line. Students were also asked to self-assess their work by recording a
score from 0 to 10 for each activity. Figure 3 shows one of the four activities that
were presented on the handout.

Above the lineis atiangle and its image, on the right, after  an
isometry (ashde, flip, or turn) ora dilahon.

Transform the triangle below the line using an  isometry or a dilation
to display the same image below the line as above the line

Wate your

Use the F1 score (0 to 10)

menu to on tus achivity
9 in the square.

open E1. [

To undo, select Undo from F1. To clear an icon, press [CLEAR| key.
To clear an object, use Clear Object from F5. To toggle, uge ey,

Figure 3. Independent calculator activity for first class session

The second session also began with whole-class instruction and ended with
students’ individual work on activities that involved transformations on the cal-
culators. During the second session, an instructor reviewed transformations and
introduced the composition of transformations by an animated example in which
a triangle was rotated through an angle of 180° and then the image was dilated
about a vertex using a scale factor of two. Figure 4 shows a slide from this
animated example.

AABC is the image of AAPQ after an isometry (a slide,
flip, or tum) followed by a dilation.

To gee thig, first transform  AAPL by turning it 180
about A to obtain AAPD"

Figure 4. Slide from the animated presentation of an isometry (rota-
tion) followed by a dilation
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After the animated example, students practiced a similar composition of
transformations using a prepared file on the calculator. For this practice por-
tion of the class, the instructor used both an animated presentation of the steps
required for the composition and a projected image of the calculator’s display at
each of the steps. Figure 5 shows animated slides that instructors used to display
the steps for the composition.

Sample Steps m Rotatng and then Dilating an Object Sample Steps in Rotating and then Dilating an Object

1. Use the F1 menuto open S1. 2. Use the F2 menu to construct a point on the top side of
the timngle.

' !

To undo, select Undo from F1. To dlear an icon, press [CLEAR] key. To undo, select Undo from F1. To clear an icon, press [CLEAR] key.
To clear an ohject, use Clear Object from F5 To topgle, use B key || To dear an chiect, use Clear Objert from F5. To toggle, uss ™ key

Sample Steps 1n Rotating and then Dhlating an Object Sample Steps in Rotating and then Dilating an Object
3. Use the F4 menu to rotate the triangle about the right 4. Use Alph-Num from the FS menu to enter a scale or
top vertex through a180 © angle. factor of dilation enthe screen
To rotate, To enter the
select and angle, select
enter: the k and enter 3
center of the points so that
turn, the the 2% point 15 .
figure, and the vertex or b
the angle of comer of the
the turn. angle.

Tounde, select Unde from F1 To clear an icon, press CLEAR] key. To undo, select Unde from F1. To clear an icon, press key.
Toclear an object, use  Clear Object from F5 Totoggle,use key To dleat an object, use Clear Object from F5 Totoggle, use Ekey.

Sample Steps in Rotating and then Dilatmg an Object

5. Usethe F4 menu to dilate the image of the triangle
about the center of the rotation.

Select the
object. the
point. and the
dilation factor

to create the T o
dilated object.

To unda, select Undo Fom F1. To clear anicon, press [CLEAR]key.
To clear an ohject use Clear Object fom F5. To tozgle, use Pokey

Figure 5. Sample steps to rotate and then dilate
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Instructors next distributed a sheet describing eight calculator activities that
involved the use of prepared files and compositions of transformations. For each
activity students opened a file to display a figure and its image under a compo-
sition of transformations. The instructions for each activity asked students to
perform an isometry followed by a dilation to construct a corresponding image.
Students were again asked to self-assess their work by assigning themselves a
score for each activity. Figure 6 shows one of the eight calculator activities that
students worked on independently during the second session.

Cn theleft of the line iz atriangle and its image, below, afte  rone or
meore 1sometnes (slides, flips, or turns) followed by a dilation.

Starting with the thangle on the right of theline, transform t his
triangle usng one or more isometries followed by a dilation to
display the same image as shown on the left of the line,

Write your
Use the F1 score (0 to 10)
mlcnu to | on thus activity

open EX1 K in the square.

| Toundo, select Undo from F1. To clear an icon, press key. |
|To clear an object, use Clear Object from F5. To toggle, use key. |

Figure 6. Independent calculator activity from second class session

About a week after the sessions on geometric transformations, students com-
pleted a survey about their experiences and answered test items about images or
pre-images of transformed geometric figures. Analysis of activity sheets, surveys,
and test item results showed that 75 future teachers from four sections of the
course completed the activities, surveys and test items. Survey results showed
that 95% of students expressed confidence in their abilities to find images or pre-
images under geometric transforms. Also, the mean self-assessment score recorded
by participating students was 8.74 out of 10.

The future teachers’ performance on test items that required finding the
image or pre-image of figures under geometric transformations revealed a lower
level of expertise than indicated on the self-assessments. Average scores on the
test scores on items about rotations, translations, glide reflections, and reflections
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were 81%, 76%, 69% and 76%, respectively. Figure 7 shows samples of each type
of test item with solutions and means.

The image of & figure under the translation that takes P to ' is shown. Find the
ariginal figure. Nate again, the given figure is the image after translation.

A glide reflecton is defined by the given slide arrow and the line of reflection m.
Find the image of the given figure under this glide reflection.

E T

Figure 7. Sample test items (left) and solutions (right) with students’
mean scores

Students’ performance on assessment items showed modest variation between
the four sections of the course and instructors noted two main types of questions
during the calculator activities. These questions included how to rotate a figure
through an angle of 180° by specifying points on the sides and the vertex of the
angle, and how to adjust the image under a translation by moving one of the two
points that indicated its distance and direction.

In addition to students’ questions concerning how to construct or modify
a figure using the calculator-based dynamic geometry, the instructors answered
some questions that dealt with determining the angle required for a rotation or
the line necessary for a reflection. In answering these questions, it was helpful to
represent the transformation using physical objects. For example, rotating the
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calculator’s case through an angle of 180° provided a convenient and concrete
way of illustrating the effect of a half turn in the plane. This was a maneuver
that both instructors found useful in explaining the effects of a half turn on an
object to these future elementary school teachers during the individual activities.

The instructors concluded that the calculator-based lessons provided an ef-
fective and lively way to introduce the prospective teachers to compositions of
transformations. Preparing for the lessons required creating and loading the files
into student calculators. As a result, the instructors concurred that these sessions
required more preparation time. The instructors also concluded that calculators
provided a motivational approach that used technology to introduce compositions
of transformations. Nevertheless, the calculators had limitations and these were
mainly due to the small screen size. Careful planning was necessary to insure that
examples and activities could be carried within the physical limits of the screen.

The prospective teachers’ performance on the test items indicated an ad-
equate level of competency and scores on the test items closely matched the
perceived confidence levels in working with the transformations. The instruc-
tors concurred with the pre-service teachers’ assessment of their abilities with the
transformations, and in retrospect, believe the dynamic geometry activities pro-
vided an intellectually stimulating use of hand-held technology for these students.

The future teachers’ mean scores on assessment items involving rotations
(81%) showed evidence of matching or exceeding their mean scores on items about
reflections or translations (76% each), while the mean scores on compositions of
motions (69%) showed evidence of being the lowest for the transformations. These
results are consistent with findings by Jacobson and Lehrer [7] who reported that
practicing teachers’ use of computer tools to learn transformational geometry re-
sulted in small differences in assessed understanding of particular transformations.
The instructors also observed only modest differences between classes in terms of
competence with particular transformations, another result that matched similar
findings by Jacobson and Lehrer [7].

The activities and examples in this study were purposely made to be appro-
priate for introducing compositions of transformations to these students. As a
result, in dilations and rotations, the centers were all situated on the vertices
of figures, and in reflections and translations, the parameters (lines of reflection
and directed segments) were all vertical or horizontal straight objects. Results
reported by Cooper and Shepard [3] and by Edwards and Zazkis [4] indicate that
students have more difficulty with rotations through angles that are not mul-
tiples of a right angle and with rotations that are not centered at a vertex of a
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rotated figure. The researchers’ experience in the present study also suggests that
a greater range of performance measures for the calculator-based activities would
result if the straight object parameters for reflections and translations were not
only vertical or horizontal.

An extension of the work in the present study would be to consider com-
positions of isometries and the possible single isometry that would produce the
same effect. Due to the small screen size on the calculators that are platforms
for dynamic geometry and the lack of a scroll feature on these screens, careful
planning would be required to prepare introductory activities for future teachers
to investigate compositions of isometries. One viable approach could be to dis-
play the pre-image, interim and final images of a composition of isometries on
one portion of the screen and ask the students to construct the final image using
a single isometry from the pre-image on the other part of the screen. Further
investigations could then synthesize the outcomes of these compositions into a
table-of-operations format wherein the pre-service teachers record their results
and identify patterns that connect compositions of reflections with rotations and
translations.

In connecting the role of dynamic geometry to developing understanding of
geometric transformations, the present study focused on the future teachers’ ini-
tial perceptions of transformations as motions performed on objects. A next
step in refining these prospective teachers’ understanding could be to move them
toward thinking about transformations as acting on sets of points in the plane.
One way of moving toward this goal could involve using calculator-based dynamic
geometry to make concrete the notion that there is one invariant point for rota-
tions, an infinite-number of these points for reflections, and zero invariant points
for translations or glide reflections. Students may then gain an understanding
that transformations are applied to sets of points in the plane rather than to only
an object.

Further insights into prospective elementary teachers’ thinking about trans-
formations that enact motions in the plane are apt to require individualized,
in-depth interviews. Preliminary work to gain insights into students’ understand-
ings of motion geometry has been reported by Flanagon [5] and Hollebrands [6].
These researchers used interview and other data to assess general preconceptions
held by mathematics students. Prospective elementary school teachers are a spe-
cial subset of today’s mathematics students, who will use tomorrow’s technology
to introduce children to motion geometry. By gaining insights about pre-service
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teachers’ understandings of geometric transformations, more appropriate deci-

sions can be made about the best use of instructional technology.
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