“kiss” — 2007/8/10 — 11:14 — page 99 — #1

5/1 (2007), 99108 Teaching

tmcs@inf.unideb.hu Mathematic§ and
http://tmcs.math.kite.hu Computer Science

The sum and difference of the areas
of Napoleon triangles

SANDOR Kiss

Abstract. The sum of the areas of the Napoleon triangles is the average of the areas of
the three outward equilateral triangles on the sides of triangle ABC, and the differerence
of these areas is the area of triangle ABC. In this paper we examine how to change
these properties if we build on the sides of the triangle ABC, outwards and inwards,
three similar triangles.
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1. Introduction

Let L, M, N be the circumcenters of the equilateral triangles BXC', CYA,
AZ B built outwards on the sides of an arbitrary triangle ABC and L', M’, N’
the circumcenters of the equilateral triangles BX'C, CYA, AZ'B built inwards
on the sides of the triangle ABC. In [7] we find the following properties:

“The sum of the areas of the Napoleon triangles LM N and L' M'N’ is

the average of the areas of the three outward equilateral triangles on the

sides of triangle ABC', and the differerence of these areas is the area of

triangle ABC'.”

So

SLMN] + o[L/M'N'] = o|BXC] + U[C3YA] + U[AZB]7 )

o[LMN] — o[L'M'N'] = 0|ABC] = A, 2)
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where o[LM N] denote the area of the triangle LM N.

In this paper we examine the changing of the relations (1) and (2) if we build
on the sides of the triangle ABC, outwards and inwards, three similar triangles.
In the next part we use the law of sines: if the sides of the triangle ABC are a,
b and ¢ and the angles opposite those sides are A, B and C, then

a b ¢
sinA  sinB  sinC

2R,

where R is the radius of the triangle’s circumcircle.

2. The outward case

We build on the sides of the triangle ABC outwards the similar triangles
with one another BCD, CAE and ABF in that way, that BAF< = a = CAFE«q,
CBD<« == ABF<, ACE<x =~ = BCD< (Figure 1). Since A+ B+C =n =
o+ 3+ 7, therefore BDC< = o, CEA< = 3, AFB< = 7.

D

Figure 1
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Applying the law of sinus to the triangles BCD, CAE and ABF', we obtain

2R,, (3)
= 2Ry, (4)
2R,, (5)

a CD BD
sinA sinB sinC
CE b  AE
sinA  sinB  sinC
BF AF c
sin A - sin B - sin C -

where R,, R resp. R, denote the circumradius of the triangle BCD, CAE resp.

ABF. The areas of the respective triangles are

o[BCD] = BD-CDsina aQSin.ﬂsinfy
2 2sina
AE-CEsinf8  b’sinysina
AE] = =
olCAE] 2 2sinf
[ABF] = AF - BF sinvy _ c2sin.asinﬁ
2 2sinvy

Let U, V resp. W denote the circumcenter of the triangle BC'D, C AE resp.
ABF (Figure 1). The triangle UVW is called the outer generalized Napoleon
triangle. For computing the sides of the outer Napoleon triangle, we use the law

of cosines.

Since AC _— AF _ CF AB _ BE
AV

o v = 2sinf and ‘2—5 = 4w = vw = 2sinv, then
ANACF ~ NAVW ~ ANAEB, consequently VAW <t = A+«. Similarly is justifiable
then ABFC ~ ABWU ~ ABAD and ACDA ~ ACUV ~ ACBE, therefore
WBU< =B+ pand UCV<g=C+7.
We determine the side VW of the triangle UVW:

VW? = R} + R? — 2R, R.. cos(A + «)

b2 & be
= -2 A
4sin® + 4sin? v 4sin Bsiny cos(A + a)
4R%sin? B 4R%sin?C 4R%sin BsinC
= — + — -2 - - cos(A + «)
4sin” 8 4sin” 4 sin Bsin~y
R?

= 7 e’y [sin2 Bsin® 7y + sin® C'sin® § — 2sin B'sin C'sin #sin~y cos(A + a)].
Let’s introduce the following notation:
A= XNa, 8,7,A,B,C)
= sin asin Bsin y(cot asin? A + cot Bsin® B + cot ysin? C' + 2sin A sin B sin C)
_ sinasin 3siny

1R (a2cota+b2cotﬁ+0200t7+4A).
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Are available the following conditional identities:

sin? Bsin? v + sin® C'sin? 8 — 2sin B'sin C'sin Bsin vy cos(A + a) = A, (9)

sin? C'sin? a + sin? A sin? v — 2sin C'sin Asinysin acos(B + () = A, (10)

sin? Asin? 3 + sin® Bsin® o — 2sin A sin B sin asin fcos(C +7) = A (11)
We will proove the identity (9):

sin® Bsin®  + sin”® C'sin® 8 — 2sin B'sin C'sin Bsiny cos(A + a)

= sin® Bsin(a + 3) siny + sin® C'sin(a + 7) sin 8
— 2sin Bsin C'sin G siny cos(A + «)

= (sin « cos Bsiny + cos asin Bsinv) sin® B
+ (sin asin B cosy + cos asin B sin ) sin® C
— 2sin Bsin C'sin B siny cos(A + «)

= cosasin Bsinv(sin® B + sin® C') + sin a cos B sin v sin® B + sin a sin (8 cos v sin”® C
— 2sin Bsin C'sin Bsiny cos(A + «)

= cos arsin B sin y(sin® A 4 2 cos A sin Bsin C)
+ sin a cos B siny sin® B + sin asin (3 cos o4 sin® C
— 2sin Bsin C'sin §sin y(cos A cos o — sin A sin )

= sin asin B siny(cot asin® A + cot Bsin® B + cot ysin® C + 2sin Asin Bsin O)

=\
Consequently VW = % Similarly we obtain the sides WU and UV:

1 .

VW= = [ (a2 cot av + b2 cot 3 + 2 coty + 4A), (12)
2\ sin Gsin~y
1 sin 3

WU = =/ ———— (a® cot a + b? cot 5 + ¢ cot v + 4A), (13)
2 \/ sinysina
1 .

Uv = &(a2cota+bQCotﬁ—i—chotv—l—élA). (14)

2\ sinasin g

Now we determine the angles of the triangle UVW:
UVZ+UW?2 - VW?

VUW< =
on 20V - UW
B ( R2)\ R2)\ R2\ ) sin? o sin 3 siny
- \sin®asin®f = sin?ysina sin? Fsin?y 2R\
sin? f 4+ sin?~y —sin? @ sin? asin Fsiny

sin? acsin® Bsin? 5 2
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sin? 4+ sin®y —sin®a  2cos asin Bsiny

2sin @ sin~y ~ 2sinfsiny
=cosa = VUW<a=a.
Similarly we obtain that WV U< = 8 and UWV < = ~. So the triangle UVW is

similar to the external triangles BCD, CAE and ABF.
The area of the triangle UVW is

UV -UWsina R2)\
UVW] = =
ol ) 2 2 sin o sin §sin ~y
1 A
:g(a2cotoz+b2cot,6’+02cot'y)+§. (15)

Let Ro be the circumradius of the triangle UVW:

R UV VW-WU _ REA/X sinasin Fsiny RV
©7 T 4oUVW] T sinasin? Bsin? y 2R2)\ ~ 2sinasinBsiny’
Therefore

: (16)

sin acsin G sin ~y

R 1\/aQCota—ﬁ—b?cot/B—ﬁ—@cot'y—i—llA
O — .

3. The inward case

We build on the sides of the triangle ABC' inwards the similar triangles with
one another BCD', CAE’ and ABF' in that way, that BAF'<< = a = CAFE'«,
CBD'« = = ABF'<, ACE'< = v = BCD'< (Figure 2). Since A+ B+ C =
T = a+ 3+, therefore BD'C< = «a, CE'A< = 3, AF'B< = 7.

C jad

Figure 2
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Let U’, V' resp. W’ denote the circumcenter of the triangle BC' D', CAFE’
resp. ABF' (Figure 2). The triangle U'V'W’ is called the inner generalized
Napoleon triangle. Here we introduce the following notation:

N =N(a,8,7,4,B,0)
= sin asin #sin y(cot avsin?® A 4 cot Bsin® B + cotysin® C' — 2sin Asin B sin C')
- % (aQCota—i—chotB—i—chot7 —4A) .

For determine the sides of the inner Napoleon triangle, here we use the fol-

lowing conditional identities:

sin? Bsin? 4 + sin? C'sin® 3 — 2sin Bsin C'sin fsinycos(4 —a) =,  (17)

sin? C'sin® a + sin® Asin®y — 2sin C'sin Asinysinacos(B — 3) = X, (18)

sin? Asin? 8 + sin? Bsin? o — 2sin Asin Bsinasin fcos(C —v) = X.  (19)

Since VAW’ = |A — o], V'BU'< = |B — | and U'CV'< = |C' — +| therefore

V'W' = R} + R2 — 2Ry R. cos(A — a)
b? c? be

- 4sin? B * 4sin? v B 24sinﬁsin'y ¢

4R’sin’ B 4R’sin®C_4R?sin BsinC

0s(A — )

= -2 A—
4sin? 3 + 4sin? 4sin Bsiny cos @)
R2
= W [sin2 Bsin® ¥+ sin? C'sin® 8 — 2sin Bsin C'sin 8 siny cos(A — a)]
sin® 3sin” ~y
2y7/
A VN
= % = VW= L
sin® Bsin® v sin 3 sin y

Similarly we obtain the sides WU’ and U'V"’:

1 .

VW ==, e (a? cot v + b2 cot B + 2 coty — 4A), (20)
2 \/ sin Gsin~y
1 .

W’U’:\/,Sm,ﬂ (a? cot o + b? cot B + 2 cot vy — 4A), (21)
2\/ sinysina
1 .

Uv' == &(azcota—i—b?cotﬂ—&—czcot'y—4A). (22)
2 \/ sinasin 3

The angles of the triangle U'V'W' are V'U'W'< = o, W'V'U'<x = 8 and
U'W'V'<q = ~. So the triangle U’'V'W' is similar to the internal triangles BC'D’,
CAE’" and ABF’, too.
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The area of the triangle U'V'W’ is

o[ UV'W] = Uv' -UW'sina _ R.Q)\’ .
2 2 sin oz sin (G sin ~y
L.y 2 2 A
:g(a cota+ b cot B+ ¢ cot’y)fg. (23)
Let Ry be the circumradius of the triangle U'V'W':
R — uv-v'w-w'o’ REN VN _ sinasin fsiny RV N
L= 4o[U'V'W'] " sin® asin® Bsin? v 2R2 N " 2sinasin@siny’
Therefore

(24)

R 1 [a2?cota+ b2cot B+ c2coty —4A
= sin asin 3sin 7y '

4. The sum and difference of the areas of the generalized Napoleon
triangles

Between the areas of the two generalized Napoleon triangles of the same
triangle ABC exist the following relations:

oc[UVW] 4+ olUV'W'] =

1 A 1 A
=3 (a® cot o + b* cot B + ¢* cot ) +5+3 (a® cot o + b* cot B + ¢? cot ) — 5

1
=1 (aQCota+b2cotﬁ+CQCot’y),

glUVW] = o[U'V'W'] =

= % (a® cot o + b* cot B+ ¢* cot ) + % - é (a® cot o + b? cot B + ¢* cot ) —|—%
=A.
Summed up:
o[UVW] +o[UV'W'] = i (a2 cot o + b2 cot 3 + 2 cot 'y) , (25)
S[UVW] = o[U'V'W'] = A = 0[ABC]. (26)

We can express the sum of the areas of the generalized Napoleon triangles
with the areas of the external triangles BCD, CAE and ABF:

1
oclUVW] +o[UV'W'] = 1 (a® cot o + b” cot B + ¢ cot )
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1 ( cos v a® sin 3 sin vy
=5 .

sin 3 sin~y 2sina
cos 3 b? siny sin « cos "y csinasin 3
sin y sin o 2sin 3 sin asin 3 2sin~y
1 Q
L _cme  ipopjy <SP gioaR)+ —ST_ 51aBF)]) .
2 \ sin Fsin~y siny sin « sin o sin 8
Consequently the relation (1) changes in the following way:
oclUVW] +o[UV'W'] = (27)
1 3 5 .
_L(cosa ey P ioam + %7 oaBH]).
2 \ sin Fsin~y sinysin « sin asin 3
The relation (2) remaines invariable.
5. Special case
If a = 8 =~ = % then the outer and the inner Napoleon triangles are
equilateral and its areas are
3 A
o[LMN] = v3 (a®> + 0>+ %) + =, (28)
24 2
3 A
o[L’M'N'] = V3 (a®>+0*+¢%) — <. (29)
24 2
The circumradius of the outer resp. inner Napoleon triangle is
24024 2 +4v3A
RO:\/a+ +e+4V3 | (30)
3v2
240242 —4v3A
Ry = YO EP e 4BA (31)

3v2

Other arrangements of the triangles BC'D, CAE and ABF are possible. We will
present two of them (Figure 3 and Figure 4). To investigate the valabilities of the
relations (27) and (2) in this cases is a possible subject for further researches.
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Figure 3

Figure /
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