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Some problems of solving linear
equation with fractions
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Abstract. The aim of this paper is to offer some possible ways of solving linear equations,
using manipulative tools, in which the “—” sign is found in front of an algebraic fraction
which has a binomial as a numerator. It is used at 8" grade.
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Introduction

Solving linear equations, particularly those with a “—” sign in front of the al-
gebraic fraction and with a binomial as a numerator, is a challenge for secondary
school students. The official Hungarian mathematics curriculum does not include
this type of equations for 8*" grade students. However, taking into consideration
that this kind of equation can occur in the secondary school entrance examina-
tions, in addition to this they are traditionally given at this age at Hungarian
schools T included them into my own teaching material for this grade for the aca-
demic year 2004/05. In this article, I shall report my initial positive teaching
experiences in connection with this type of equation.

I am a teacher in the Serbian minority school in Budapest, Hungary, which
teaches both primary and secondary school students. The official language in
the school is Serbian, but during the lessons we use both languages: Serbian
and Hungarian, because in the same class there are students who do not have
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an appropriate command of the Serbian language. Some students attend our
school with an aim to learn the Serbian language. Trying to help my students to
overcome these language difficulties and enable them to adopt teaching material,
T use a lot of gestures and visual aids in my teaching. While manipulating objects,
the students are urged to use everyday Serbian language, which they have already
learned, in order to explain mathematical relationships, operations and their own
thoughts, as they are still not very familiar with technical expressions.

The average size of a class in our primary school (age 6-13) is about 10 stu-
dents. This small number of students enables me to take an individual approach
with every student, so I can deal with their individual problems.

In the spring of 2003, following the Hungarian official curriculum for the 6"
(3 girls, 5 boys) grade, I taught my students alternative methods of solving linear
equations: trial and error through substitution of values for the unknown, as well
as, cover up method. After that, the introduction into formal equation solving
procedure, using real scales followed. The following year the formal equation

“—” sign in front of

solving was practiced. As solving the equations with the
parentheses generally represents a problem for students, I decided to pay special
attention to this problem and to introduce them to my students by gradually
giving them tasks starting from easier to more difficult ones. While learning the
rule of removing parentheses we used visual tools and referential meanings of
algebraic expressions (Stankov, [8]), which can be either numerical or situational.

An algebraic expression can represent a relationship between numbers in gen-
eral, which we refer to as numerical meaning. The numerical meaning for identity
a— (b+¢) =a—b—cwould be: When we subtract a number which is by “c¢”
bigger than number “b” from number “a” we get the same number as when we
first subtract number “b” from number “a” and afterwards subtract number “¢”
from the result obtained. The situational meaning of identity mentioned can be:
Two girls, who finally had same number of apples, started from following situa-
tions: Mary had “a” apples and she gave simultaneously “b” apples to her sister
and “c” apples to her brother. Whereas, Ana initially had “a” apples too, from
which she ate “b” apples and then gave “c” apples to her mother.

Students solved equations with a “—” sign in front of parentheses without
fractions (for example: 5—(x+3) = 2z —1) and equations with algebraic fractions

in which numerators were monomial (for example: § +5=06+ %).
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Solving equations in the 8" grade

The starting point: evaluation of the level of knowledge

In the academic year 2004/05, we started dealing with linear equations par-
ticularly those with “—” sign in front of the algebraic fraction, the numerator of
which is a binomial. All of the students (3 girls and 5 boys) had average math-
ematical skills. In order to establish the level of knowledge and their ability to
use knowledge acquired earlier, in solving more complex equations, I set them the
following 20 minute test:

(1) Which sign can replace the square in the equality: 5— (22 —3) =5—-2z 037
Solve the following equations:

(2) 22— (z—3)=2zx+1

4
(3) 8—33; ~3
@) 50— 20 _ o

Based on the material covered in the 6** and 7*" grade I expected the following
solutions:

(1) In the first task, the rule of removing parentheses when preceded by a “—" is
used.

(2) In the second task the rule mentioned above is used: 2x —z + 3 = 2z + 1.
One of the variations of this can be either subtraction of 2z to both sides of
the equation or addition of @ — 3 to both sides (we observed that x — 3 is a
separate single whole).

(3) The third task was new for the students. Following the example of solv-
ing the equations containing an algebraic fraction, it is possible to multiply
the equation by the denominator providing that they observe that the term
x + 4 represents one whole (temporarily). This binomial should be put into
parentheses in the equation which does not contain a fraction any more.

Another solution would be to represent the fraction mentioned as a sum
of two fractions. Having done that students should apply the rule of removing
the parentheses preceded by a “—” sign. In this way, we should get a recog-
nizable equation with algebraic fractions with monomials as numerators.

The third solution would be the “cover up” method meaning that they
should determine the value of the fraction itself.
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(4) In the fourth task, it is possible to use the first and the second approach

in order to solve the third task but it is impossible to use the “cover up”
method.

Results of the test
(1) The first task was successfully solved by all of my students.

(2) For the second task only one student made a mistake. The solution he offered

was as follows:
\}mu(
AR
A — -—
bk 3) =2ZX+4 f-4

2 - o

X —~Le=2x } s
X—=a.

This solution indicates many problems. The student disregards the paren-
theses and approaches the task as if they were redundant. In the second step,
the student does not add 4 to the right-hand side of the equation but cor-
rectly adds on the left side of the equation. Following this set of errors, the

student gets 1z = 2x and finally makes a wrong conclusion: z = 2.
A girl used this approach:
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2) Reus o et

Ax—(®-3)=LX+A

o x— (Ae) =2X 41 [}

o5 —( &= ) 4 ) B R R -3

9= TR T s
LR [~5x
— -2 /lk - )
A=
The student seems to have no confidence in her knowledge. Although she
was able to successfully solve the first task, she failed to apply the same rule

of removal of parentheses in the remaining questions. She understands that
x — 3 is an object, as well as a process. She did not check her solution.
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As my students had never dealt with problems of the type 3 and 4, naturally,

they made a lot of mistakes.
Dealing with the third exercise, a boy applied the method of substitution of

values for the unknown and got the correct result.
One student managed the problem by using the “cover up” method. He omits

to check as well. Here is his solution:

5 E\-l{_tj:_’;
4 - 575
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The rest of the class multiplied the equation by 2. There was one single girl
who considered the binomial as a whole and put it into parentheses but forgot to

check the solution.
The rest of the class made the following typical mistake:

o o o :
N = .---\I

'
|
|
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Nobody checked the result in spite of the fact that it would show them the
error.

The fourth equation was also a problem and the mistakes were analogical to
the previously mentioned ones. The only correct solution was given by the girl
who also found the solution of the third equation. Here is her solution:

Sw-tx a2

l/"' -.1|
Sy L - #-& Y = 1 I

-

>

A 3

| Ee = Rk AT -tt—i._g.—.ﬁ

'/‘Cr
* X

L

x =D
X =0

She considers the numerator to be a single whole and also correctly uses the

i

rule of removing the parentheses. She has confidence in how to approach to the
task by doing two steps simultaneously (calculates 102 — 2 on the left side of the
equation and adds —6 to the both sides).

Supporting principles of the teaching method

Skemp [7] differentiates between instrumental and relational understanding:
the first one means that the student knows how to do things and the other one
means that the student, as well as having this knowledge, also knows why the
knowledge works. Very often students’ understanding of algebra is instrumental.
They manipulate algebraic symbols by using rules learned by heart. During my
classes I try to support the development of students’ relational understanding.
By using my own teaching material I have an intention to develop the relational
understanding of my students.

We should deal with fractions as well, because one student made a specific

kind of mistake: 5% = z — 3 and thus created a so-called malrule. Matz [5] says

2
that students create malrules: In this situation the correct rule is: %6 =x-3.

From the rule already mentioned, students derive the false general rule that any
operational sign can replace the multiplication sign. Finally, the student actually

applies a “—” sign instead of the “.” sign and as a result she gets the following
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malrule: %6 =z — 3. My second intention is to fight against the creation of the
malrules.

In the third task it was possible to determine the value of the fraction, whereas
it was impossible in the fourth one. To proceed with the solution (in the forth
task) we have to treat the fraction as a quotient by introducing new objects:
2 — 6 (numerator) and 2 (denominator), or as a difference using new objects:
Z (fraction with a variable as a numerator) and ¢ (fraction without variable).
The third intention of this method is to shift the point of view as to recognize the
algebraic expressions with their alternative meanings (Gray and Tall [4], Resnick
[6], Stankov [8]).

Elements of the teaching method

Cover up method

When the task is: Solve the following equation 8 — %*4 = 3, the main difficulty
for students connected to this method is that they cannot decide which part of
the equation should be covered. I had to remind my students that using pieces
of paper (of different shapes and colors that I gave them) and asking questions in
such a case, is always helpful:

(1) What is the last operation before we get the number on the right side of an
equation?

(2) How do we get the number on the right side of the equation?

They were able to vocalize the first appropriate question for our equation. They
covered the expression %*4 by rectangular piece of paper and noted 8— = 3. The
new equation was a simple one, so the students formulated the second question
easily: What number should be subtracted from 8 in order to get 37 The answer
was 5 and they made a note: O = 5. “What conclusion can be made?” I asked.
The answer was %”4 is equal to 5. Consequently they got the new equation
= b5 asking an analogical question, and covering x 4+ 4 by a circular paper
they got first % =5, and then x +4 = 10. Finally they concluded that z = 6.

Checking: 8 — 170 =3.

It is impossible to solve the equations like the fourth one using the cover up
method.

Expressing the fraction with binomial in numerator as the sum (difference)

x+4
2

of 2 fractions:
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Although my students are able to add algebraic fractions with monomials
as numerators easily, only one of them, solving the 4" task, applied the reverse
way of thinking and used the transformation: ‘”,—g6 =3- g. This transformation
could be useful because the students would transform the 4*" equation into the
equation: Hx — (% — g) = 21 that they are already familiar with. I decided to

present it to my students.

Giving referential meaning to the expression “TH

According to Resnick [6] algebraic expressions have referential meanings —
they can recall a relationship among quantities in some situation. My students
are urged to use manipulative tools and referential meanings of the expression
“’TH. The issue is how the expression %*4 can be written down as a sum of 2
fractions.

After giving each of the students 6 fruit candies and 4 toffies I set them the
task: There are 6 fruit candies and 4 toffies on the table, divide them justly, with
your friend, so that both of you get the same number of candies of both kinds.
Write down the appropriate transformation. The students did the division and
mathematized the question by numerical expression % = g + %.

The task that followed was used to motivate conclusions without the actual
manipulation of objects.

I raised the question: How can we justly divide in two parts a box of candies
of one kind (the box contains x number of candies), and an additional 4 candies
of another kind. All the students were able to successfully solve the problem by
saying that we should divide candies from the box into equal parts as well as
remaining 4 candies, so they wrote: ”TH =5+ %.

In the similar way the student made the conclusion that %4 =3- %. (Once
again we used fruit candies and four pieces of paper which represented the debt
of one toffie. The question followed: divide the fruit candies and the debt with

your friend justly).

Using paper strips

At the same time, we represented the expressions ”—*2'4 and 3 + % using paper
strips (the measurement unit was a square).
We started from the representations of z and number 4:
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We represented addition = + 4 by sticking strips to one another. As a result
of this process we got the x + 4 object.

ia [ T

When we divided it by 2 (process) we got the result £t (object).
After this we represented 3 + % (concept) by “adding” % to the half of z. We
started with 5 and %.

\ O I £ 20 B I

. . 4 .
By comparing the length of representations of and § + 5 students realized

that they were equal and they noted zTH =3+ %. In the similar way using the

tz=4 _z _ 4
2 272

One student who used the malrule was urged to realize herself that the trans-

formation %*4 = x+ 2 (as well as the transformation ””T"l = x — 2) was incorrect.

Giving her an opportunity to represent both of the expressions by paper strips
and to compare them, she was able to realize herself that they were of different
lengths.

strips the students came to the conclusion tha

During the exercise, the students practiced the use of alternative meanings
of algebraic expressions.

Formal equation solving

In order to emphasize that the nominator of algebraic fraction represents
a single whole, the students were urged to put the nominator into parentheses.
Whereas, by using the paper strips it was indicated that the representation of the
expression 10z — (z — 6) is not of the same length as the representation of the
expression 10z — x — 6 (see the second image on the page 342).

Post-test

During 3 lessons the students practiced exercises mentioned previously and
solved equations such as the 3'¢ and 4*" one. Students were encouraged to apply
all the three previously mentioned methods when solving the equations. Among
them cover up method was used whenever it was possible. After a week students
had to solve the following equations as the post-test:
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_Jc+3_
-

4:L'7:E776:7+3:L'

6 4

2¢x — 5
3r — x

=3+ 2z

All the solutions were correct. When solving these equations two of the stu-
dents got the correct solution in all the three equations mentioned by expressing
algebraic fraction in the form of the sum of 2 fractions. Here is one of them:

: ===
L'l'x_‘x_hz-—- = 5!'—-#(5)-(/.62

=

hix=—= =
A

).,?_ =41 +Ex

g — X426 = 1Y 16 %

HIxr b =AY +6x L g
% 40 1)’7"1/_,&
% = §

All the others used the formal balance method:

I

.':IEE;I"L
DN - B 05 D -

h%_-r’bf 22X /‘%
L e e

1'51‘3+g,;,¢
T.LX-;'—J"‘ﬁQ 7"(5}‘('/ .
=X +.{r+6~ﬁ,/h
K= 65‘/

Unfortunately nobody checked the solutions, so I have to take care of this
problem in the future.
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Delayed test

The very same 20-minute test mentioned as the first one on the page 341 was
repeated in December 2005.

Due to the summer holiday and the fact that the curriculum for the first term
of the grammar school does not prescribe any kind of equation solving, these kind
of exercise was not practiced for over half a year. After this period the first two
tasks were successfully solved by all of the students, however the check of the
second task was performed only in two cases.

Having completed the test I interviewed each of the students individually and
asked them why the “+” sign substitutes the (1. Three of my students answered
that they applied the rule of removing the parentheses in front of the “—”
a—(b—c)=a—0b+c. One of the five similar explanations follows:

sign:

Teacher: What made you substitute [J by “4” sign?

Student: 1 considered it.

Teacher: Describe your thoughts, please.

Student: We subtract the number which is smaller then 2z from 5. If we
subtract 2x from 5, we subtracted more. To keep both sides equal
we have to add 3.

The same student that previously used the cover up method in order to give
the correct solution for the third task, reached for the same method again. Four
of the students represented algebraic fraction as a sum of 2 fractions. One of the
solutions was incorrect as the student made an error when adding at the end of
the task. Three of the students used the formal method of solving equations. Two
of them applied the method as in the third example on the page 344 (one of them
was a girl who gave the good solution at the initial test). Finally, one student
made the same mistake as the one in the second example on the page 343. Four
of the students did not check the solution; among them were those whose results
were wrong.

The forth task was correctly solved by 5 students who used the method of
representing algebraic fraction as a sum of 2 fractions. Two of them checked the
solution. The formal method of solving equations was used by those students
who also applied this method in the task 3. The same student repeated the same
mistake from the third task and he did not check the solution. Three of the
students checked the solution of the forth task.
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Conclusions

Despite the good test results it seems that this type of equation, when dealing

” sign in front of

with algebraic fractions with binomial as a numerator and a “—
the fraction, is difficult and only appropriate in simple cases for this age group.
Based on the results of the post-test and the delayed test I dare to make the con-
clusion that my students adopted the method of representing algebraic fraction
as a sum of 2 fractions. I can also state that they rather prefer this method than
using the formal method of solving equations. The paper shows that two of the
students used the method of representing algebraic fraction as a sum of two frac-
tion in the post-test, while four students used it in the third and five students in
the forth task when doing the delayed test. In my opinion the experience that ob-
tained manipulating the candies and paper strips considerably contributed to the
more frequent and comfortable use of this method. The use of the manipulative
tools urged the students to realize how the algebraic fraction can be represented
as a sum of 2 fractions. After a certain period of time it was easier for students
to recall this reasoning compared to the formal method of solving equations.

Using the referential meanings of algebraic expressions is a helpful tool for
reconstruction and building up the rules of algebraic transformations as well as
for self-correction of algebraic transformations.

This kind of individual work with students can be (in a class of 30 or more
students have to be) supported by some computer programs (see for example
Aspetsberger & Fuchs [1], Berta [2], Dominik & Fuchs [3], Varga-Neofotistos [9],
Vésdrhelyi [10]).
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