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Abstract. In this paper, a review is presented on automotive vehicle dynamics modeling. Applied vehicle dynamics
models from various application fields are analyzed and classified in the first section. Vehicle dynamics models may
be simplified because of different reasons: several control/estimation/analysis methods are suitable only for
simplified models (e.g. using control-oriented models), or because of the computational cost. Detailed/truth models
of vehicle dynamics represent another field of vehicle dynamics modeling, these models play an important role in the
virtual prototyping of vehicles. In the second section, the main modeling considerations of vehicle dynamics are
presented in longitudinal, lateral and vertical directions. Various physical effects must be considered in the case of
vehicle dynamics modeling, a lot of these effects are significant only in a specific direction of the vehicle body, which
is the main potential of model simplification. The section presents vehicle modeling considerations in all of the three
translational directions of the vehicle body.

Introduction

In this paper, automotive vehicle dynamics modeling is reviewed from two main perspectives. In
Section 1, we analyze and classify the applied vehicle models in various applications. There are
different types of vehicle models utilized in practice, from simplified to detailed ones. A variety of
arguments are shown why it is necessary to perform simplifications on the vehicle models. On the
other hand, it is a fact that all methods are available to model vehicles in a realistic manner, these
detailed models have potential in virtual prototype-based development in the vehicle industry. In
Section 2, simplified vehicle models are analyzed in the longitudinal, lateral and vertical directions.
The significant physical effects in all directions are pointed out. Combining the modeling
considerations of each vehicle body directions could lead to a complete detailed/truth model, or the
separate simplified models could be utilized in applications requiring simplified models.

1. Vehicle dynamics models from the application perspective

In this section, we present an overview of automotive vehicle dynamics models from the application
perspective. Model-simplification and its reason are the basis of the classification. Vehicle dynamics
models have a wide range of application fields, and these various fields assume different types of
models. Vehicle dynamics must be considered in the field of estimation algorithms and control systems
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related to vehicles [1]-[10] [11]-[20], as well as in path planning algorithms [21]-[23]. The previously
mentioned application fields are usually within the embedded systems, this is one of the reasons why
these models are simplified versions of the so-called detailed/truth models. Another reason for using
simplified models is that control/estimation and some analysis methods are usually applicable only to
simplified or control-oriented models. Simplified vehicle models are used in powertrain simulations
and optimizations [24], [25], where the main focus is on the powertrain modeling and detailed vehicle
dynamics models are not required. There are various kinds of simplified vehicle models including at
least one of the vehicle body directions — longitudinal, lateral or vertical translational directions, and
roll, pitch or yaw rotational directions. The modeling considerations of vehicle models of these
directions are presented in Section 2. Besides simplified models, there are detailed/truth vehicle
models [26]-[29] that describe the real vehicle in sufficient detail, considering a six degrees of
freedom vehicle body without constraints. These types of models are virtual prototypes of the vehicle,
can evaluate estimation and control algorithms, and also can be used for high-fidelity validation of
autonomous driving systems. There are other applications of vehicle models like crashworthiness
models [30], and vibration models [31] analyzing the pothole-induced forces.

1.1 Application of simplified vehicle models

The main attribute of a simplified vehicle model is that instead of a six degrees of freedom vehicle
body, one or more constraints are applied to it, which constraints can be translational and rotational.
Applying constraints to a rigid body results in constraint equations - force or torque equilibrium
equations. A model of this kind is generally described by a differential-algebraic system of equations
(DAEs). Although in some cases a DAE system can be transformed into ordinary differential equations
(ODEs), the most common way is to completely neglect the constrained directions (the constraint
equations). In most control/estimation methods only ODEs can be handled, hence some
transformation/neglection is necessary.

In all referenced sideslip estimations [4]-[7] vertical force components (F,) in the tire-road contact
points are neglected, longitudinal and lateral forces do not depend on the vertical force components
(e.g. Fx (kappa) instead of Fx (kappa, F,) is considered, where Fy is the longitudinal force and kappa is
the longitudinal slip). There are some longitudinal slip estimations [3] where F. (kappa, F,) is
considered.

1.1.1 Simplified models for control/estimation/analysis applications

In references [1]-[3] estimations are performed in the longitudinal direction. Typical estimations in
the longitudinal direction consist of longitudinal slip and tire friction coefficient estimation [3], or
mass and/or road grade (slope) estimation [1], [2]. Adaptive cruise control (ACC) is also significant
only in the longitudinal direction [20], as well as anti-lock braking system (ABS).

Estimation and control are performed also in the lateral translational and yaw rotational directions
[4]-[7], [20]. The main objectives in these directions are sideslip estimation [4], [6], [7], cross-wind
estimation [20], and stability control [4], [5], [7]. Lane-keeping and path following control methods
[12]-[14] are also highly dependent on the lateral and yaw dynamics of the vehicle. However, usually
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in these applications model-predictive control (MPC) is used, so even a detailed/truth model could be
utilized (only the computational cost is a limitation).

In the vertical direction of the vehicle body, active suspension estimation and control algorithms [8],
[9] are implemented. In these vertical models, the Fx longitudinal and the Fy lateral forces are usually
neglected. Road profile estimations [17], [18] also utilize vertical vehicle models.

In the longitudinal and lateral directions (where F and F; forces are considered), it is a question that
what kind of tire model is utilized. There are constant tire models applied [5], [11], [19], [20] which
can be interpreted as constant road conditions, the force-slip characteristics are constant. The
estimation/control algorithms based on these tire models can be robust even is varying road
conditions, but there is no estimated information about the road conditions. On the other hand,
adaptive tire models can be utilized [3], [4], [6], the estimations based on these tire models provide
real-time information about the road conditions. Usually, this kind of tire model is dependent on a
scalar value that is in the estimated state vector, this results in the adaptive nature of it. The models
used in some vehicle dynamics applications can completely neglect Fx and F, tire models, because of
two main reasons. One is that these forces are not significant in the specific application (like in the case
of active suspension and road profile estimations). The other reason is that force estimation [6], [10] is
performed directly instead of slip estimation, which means that the vehicle model used for estimation
does not contain information about the tire characteristics, the forces are directly estimated (the
estimated state vector contains force terms instead of slip terms). Because of the fact that the
estimated force states are not dependent on tire models, this method can be interpreted as a
measurement of the tire force-slip characteristics, tire models can be identified based on this kind of
estimation [10]. There is another aspect of tire modeling. Tires have transient behavior which means
that the forces do not develop instantly, but build as the tire rolls (the force-slip characteristics are
only valid for steady-state). This property of tires is called the relaxation length [32], [33]. This
property also can be considered in the estimation models of vehicles [11] (although the detailed/truth
models of this phenomenon can be different than the models utilized for estimation).

Vehicle dynamics can be considered in the case of vehicle positioning systems. Sensors of micro-
electro-mechanical systems (MEMS) and inertial measurement units (IMU) are used in all fields of
estimations related to vehicles, alongside with the signals available on the Controller Area Network
(CAN bus). Global Positioning System (GPS) and compass sensors (or magnetometers) can provide
absolute position and rotation information for vehicles, the combined usage of sensor fusion
techniques and vehicle dynamics-based estimations is another research field [19].

There are analysis techniques which can provide analytic solutions only based on simplified vehicle
models. These analytic (or symbolic) solutions can provide more insight into the essential connections
between variables in a model, than the solutions of numerical analysis. A great example of this field is
the analysis of pothole-induced contact forces [31].

1.1.2 Simplification because of computational cost and other reasons

Path planning is another application field of vehicle dynamics [21]-[23]. Computational cost is crucial
in this application so that instead of a detailed/truth model, simplified models are used. Vehicle
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dynamics models in this application are used to provide feasible paths between particular points.
Other algorithms use these paths to generate the planned path [21].

Simplified, longitudinal vehicle dynamics models are used in the case of powertrain analysis and
optimization [24], [25]. The main reason for this simplification is that several details of vehicle
dynamics are not significant in this application. The main focus is on the powertrain modeling itself,
with the utilization of a simplified, longitudinal vehicle dynamics model.

The simplified-detailed contrast of vehicle models can be observed even in the field of structural
vehicle models. In reference [31] simplified, multibody-based crashworthiness vehicle models are
identified based on detailed finite element (FE) structural models of the vehicle. This application is
related to vehicle structural models instead of vehicle dynamics models. In vehicle dynamics models,
the detailed ones are based on the multibody approaches.

1.2 Application of detailed vehicle models

The main property of detailed/truth vehicle models [26], [27] is that the vehicle body has all degrees
of freedom, there are no constraints applied to the body. Contact modeling is crucial in this kind of
models, the intersection must be considered between the tire and the road because of the lack of
constraints of the vehicle body. Detailed vehicle models usually consider vehicles on rough surfaces
with the modeling of their suspensions. These types of vehicle models are usually multibody systems.
Other detailed phenomena like combined slip scenarios and relaxation length properties of tires have
to be also considered, along with the air resistance and powertrain modeling. There are software
environments (e.g. [IPG CarMaker and veDYNA) providing detailed physical plants of vehicles, with
interfaces to other software (e.g. MATLAB/Simulink) where custom algorithms can be designed and
run parallel with the physical plant of the car.

1.2.1 Control/estimation algorithm evaluation

Control/estimation algorithms in their development phase can be evaluated based on either
experimental (field) data or simulated data. Only the final validation of the algorithms has to be
performed based on experiments. This can accelerate the development time of such algorithms, and
the robustness of these algorithms also can be checked more thoroughly with simulations. Model-in-
Loop (MIL), Software-in-Loop (SIL) and Hardware-in-Loop (HIL) methods are used [28], [29] first to
develop the algorithms, then the hardware implementation is also well-analyzed, developed and
validated.

1.2.2 Advanced sensor modeling, computer graphics

There are sensors which relatively easy to model: sensors in connection with motion and position.
These kinds of sensors are related to the physical plant of the vehicle. However, there are sensors
(cameras, radars, and lidars) which detect the environment of the car. For the modeling purpose of
these sensors, the environment of the vehicle also has to be modeled, which can be achieved by the
means of computer graphics. Full autonomous driving systems can be virtually prototyped based on
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the detailed physical plants, and this kind of advanced sensor models. Software environments like IPG
CarMaker and veDYNA provide tools to virtually validate autonomous driving systems.

2. Modeling considerations of vehicle dynamics models

2.1 Longitudinal vehicle models

In Simple Vehicle Model (Figure 1) the vehicle is considered as one rigid body which moves along an
ideally even and horizontal road. At each axle the forces in the wheel contact points are combined in
one normal and one longitudinal force [34]-[36].

Figure 1. Forces acting on the vehicle body in the Simple Vehicle Model [34]

By neglected aerodynamic forces (drag, positive and negative lift), the equations of motions in the x-,
z-plane are presented in the following mathematical forms

0=F; +F,;;—mg 2)
0=lea1_F22a2+(Fx1+Fx2)h 3)

where v derivate indicates the vehicle acceleration, m is the mass of the vehicle, a;+a; is the wheel
base, and h is the height of the center of gravity.

There are static parts of the equations which can be described as
aq

Ff =mg . F}; =mg

4)

a, +a, a; +a,
The height of the center of gravity only influences the dynamic part of the axle loads [34]. Moreover,
the statics forces there are dynamical forces which emerge when the vehicle is moving in the analysis.

h v
d
leyn = —mg o+ azg , s = tmg — (5)

When accelerating v > 0, the front axle is relieved. The rear axle is relieved in case of the situation
when decelerating v < 0.

Next, the influence of grade is presented in the paper, Figure 2 shows the acting forces on the vehicle
in this case [37].
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Figure 2. Influences of the grade on the vehicle considering the forces [34]

As for aerodynamic forces, the shape of most vehicles produce aerodynamic forces and torques as
Figure 3 presents. There are other cases when specific wings are mounted on the vehicle in order to
produce excessive forces even at higher speed of the vehicle [35], [38]. Effect of these aerodynamic
forces and torques can be represented by a resistant force applied at the center of gravity and down
forces acting at the front and rear axle by the following mathematical equations

F a, — h tana h . ©
=mg cosa — muv
z1 g a, +a, a, +a,
a, — h tana h .
F,, =mg cosa + muv (7
a; +a, a, +a,

where the dynamic parts remain unchanged, a denotes the grade angle. Now the static parts also
depend on the grade angle and the height of the center of gravity.
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Figure 3. Forces on the vehicle body with the aerodynamic effect [34]

If we assume a positive driving speed, v > 0, the equations of motion will read as

mv = Fyq + Fy1 — Far 3)
0=F; —Fp1 +Fp—Fppy—mg )
0 = (Fz1 — Fpy)ay — (Fpz — Fpp)ag + (Fxy + Fx2) h (10)
where F4p and Fp4, Fp, describe the air resistance and the down forces. For the dynamic axle loads we
get
a h .
F;1 = Fpy +mg - (mv + Fyr) (11)

a,+a, a+a,
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ay h
F,, = Fp, + + )+ F, 12
72 p2 Tmg a+a,  a;+a, (mv AR) (12)

As for the maximum acceleration analysis and if aerodynamic forces are the part of the dynamical
model, the maximum acceleration and deceleration on a horizontal road can be expressed by the next

equations
F, F, E % F, F, F,
_#(1+ﬂ+£)_ﬁ <Y < M(1+ﬂ+ﬂ)_ﬁ (13)
mg mg/ mg g mg mg/ mg
In case of linear motion the motion is described by the equation
. aq h ﬁRWD]
= + 14
MPrRwp =K Y [al +a, a+a, g 14

where the subscript RWD indicates the rear wheel drive. Maximum acceleration for a rear wheel
driven vehicle can be calculated by

Vrwp _ U a,
g _, M ata
1 K aq + a;

(15)

By setting F,; = 1 F,; and F,; = 0, the maximum acceleration for a front wheel driven vehicle can be
calculated in a similar way the acceleration for front drive vehicles can be calculated as

Vrwp u a;
— 16
g i _a+aq (16)

1_'ua1+a2

where the subscript FWD denotes front wheel drive.

Tire is the main component of a vehicle interacting with the road. The performance of a vehicle is
mainly influenced by the characteristics of its tires. Tires affect a vehicle handling, traction, ride
comfort, and fuel consumption. To understand its importance, it is enough to remember that a vehicle
can maneuver only by longitudinal, vertical, and lateral force systems generated under the tires [39].
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Figure 4. Forces acting on the vehicle tyre [40]

A vehicle is made to move or change its direction in a specific way by forces acting through the tires.
The types of the tires play important role on the behavior of the vehicle. The braking distance is
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dependent on a number of factors including vehicle speed. At a constant rate of deceleration, braking
distance increases quadratically relative to speed [39], [41].

As for the vehicle load, extra weight makes braking distances longer. Road conditions are important,
wet roads offer less adhesion between road surface and tires and therefore result in longer braking
distances. In case of tire condition, insufficient tread depth increases braking distances, particularly on
wet road surfaces.

The circumferential force is produced by power transmission or braking. It acts on the road surface as
a linear force in line with the longitudinal axis of the vehicle and enables the driver to increase the

speed of the vehicle using the accelerator or slow it down with the brakes.

The vertical force acting downwards between the tire and road surface is called the vertical tire force
or normal force. It acts on the tires [34], [40] at all times regardless of the state of motion of the
vehicle, including, therefore, when the vehicle is stationary.

The vertical force is determined by the proportion of the combined weight of vehicle and payload that
is acting on the individual wheel concerned [42]. It also depends on the degree of upward or
downward gradient of the road that the vehicle is standing on.

Other forces acting on the vehicle can increase or decrease the vertical force. When cornering, the
force is reduced on the inner wheels and increased on the outer wheels. The suspension of the vehicle
play significant role in the road-tire interactions [43].

The analysis of other forces from other directions on the vehicle body are the part of the next sections.
2.2 Lateral vehicle models

The so-called lateral vehicle models are often used in the vehicle dynamics. The aim of these kinds of
models is to analyse the behaviour, manoeuvrability and stability of the vehicle during cornering. For
this purpose many kinds of models can be found in the literature [44]-[46]. The type of the applied
model depends on the speed of vehicle. For moderate speed cornering cases a simple kinematical
model can be used to analyse the cornering circumstances of the vehicle. The most commonly applied
model for this purpose - the so-called Ackermann steering geometry - is shown in Figure 5. Here, all
wheels rotation axes intersect in one point. For low vehicle speed, the Ackermann steering geometry
gives best manoeuvrability and lowest tyre wear.
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Figure 5. Ackermann steering geometry
The relation between the wheels steering angles is presented in the following equation.

! 1+t 17
; (17)

tand, tand;

In the case of high speed cornering, the lateral dynamic effects, inertial forces and the lateral slip of
wheels cannot be neglected any more. Here, the so-called one-track model (a.k.a. bicycle model) is a
common choice for modelling the lateral dynamics of vehicle, see Figure 6. In this model the effects of
both tyres on the axle is combined into one virtual tyre. The lateral tyre slips of both axes as well as the
instantaneous cornering centre of the vehicle are presented in Figure 6.

1)

Figure 6. Bicycle model
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2.3 Vertical vehicle models

The purpose of the vertical dynamic models is to investigate the motion, vibrations of the vehicles in
the vertical direction [47], [48]. By using these models, the suspension behaviour, comfort of the
vehicle can be analysed as well as the design and fatigue analysis of the suspension components can be
performed [49]. The design of active and semi-active suspension control systems is also based on
these types of dynamic models [50]. The simplest vertical dynamic model for vehicles - the so-called
quarter-car model - is presented in Figure 7. In this model the vertical movement of the vehicle is
reduced to one suspension system. The sprung- and unsprung masses as well as the stiffness and
damping effects of the tyre and the suspension system are the main parameters of the presented
model.

Figure 7. Quarter-car model

The governing differential equations of motion for the quarter-car model are presented in the
following equations.

MmgZs + kszg — ksZy + SszZg — Sgz,, = 0 (18)
MyZy — ksZs + (ks + k¢)Zy — Ssz5 + (Sg + 5¢) 2y = keZy + 52, (19)

A more complex vertical dynamic model - the so-called half-car model - is presented in Figure 8. This
is still a planar model, however, in this model the pitch motion of the vehicle is also taken into account.
The governing differential equations of motion for the half-car model ([51], [52]) are presented in
Equations (20-23).
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Figure 8. Half-car model

muquf + (ktf + ksf)zuf — kszS + aksfqbs + (Stf + sz)Zuf - SSfZS + aSSf¢S = kthTf + SthTf (20)

My Zyy + (ktr + ksr)Zur —ksrzs — bksrqss + (Str + Ssr)zur — SsrZs — bSsr s = KipZpr + Serzpy (21)
MgZs — kspzyp — kspzyr + (ksp + ksr)Zs + (—aksp + bkg, ) s —

—SsfZuf — SsrZur + (ssf + ssr)zs + (—assf + bssr)(ps =0 (22)

OsPs + akspzyp — bksyzyy + (—akss + bkgy)zs + (aPkss + b2kgy ) s +
+asspzyp — bsspzyr + (—assy + bsg)zs + (a®ssp + b?sg )ps = 0 (23)

Conclusions

Vehicle dynamics models in various application fields have been analyzed and classified. It has been
shown that the utilized model is highly dependent on the application. Several simplified models have
been presented in detail.
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