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Abstract. The authors present an analytical solution for the two-layered composite beams with imperfect shear
connections. The considered beam is simply supported at both ends. The beam is subjected to transverse and axial
loads. The kinematic assumptions of the Euler-Bernoulli beam theory are used. The connection of the beam
components is perfect in normal direction, but the axial displacement field may have jump. The shear axial force
derived from the imperfect connection is proportional to the relative slip occurring between the layers. The
determination of the analytical solution is based on the Fourier method. Two examples illustrate the application of

the presented analytical method.
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Introduction

Layered composite structures, especially layered composite beams are widely applied in building and
bridge engineering since the advantages of the layers made of different materials can be well married,
while their disadvantages can be reduced or eliminated. Therefore, it is very important to understand
the mechanical behavior of the layers, composite beams and the influence of the connection between
the layers of composite beams which are joined to each other by different shear connections such as
nails, screws or rivets. Because of the elastic deformation of those connectors can occur between the
connected beam components the appearance of interlayer slip is possible. In this paper it is assumed
that the normal direction the connection of layers is perfect. The connection in axial direction may be
imperfect, whichis described by the conceptinterlayer slip.

The first theoretical and experimental studies analyzing the behavior of the composite beams with
interlayer slip was published in the 1950s [1,2,3]. In paper [2] the Euler-Bernoulli beam theory was
utilized to describe the static behavior of composite beams with interlayer slip. Since then, a lot of
papers, studies [4,6,7,8,10,11,12,13,14,15,16] have dealt with the problem of layered beams with partial
shear interaction based on the results of Newmark et al [2]. Paper by Ecsedi and Baksa [5] presents a
slip-cross-sectional rotational formulation to obtain the deflection, slip, cross-sectional rotation and
internal forces in shear deformable composite beam with imperfect shear connection. An analytical
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solution is presented for two layered composite beams with interlayer slip based on the assumptions of
Timoshenko beam theory by the use of the method of fundamental solution in [17].

Elastic stability of beam-columns with weak shear connection is considered in papers [6] and [9].
Girhammar and Gupta studied the composite beam-columns with interlayer slip which subjected to
transverse and axial loads [6]. They gave closed form solutions for simply supported beam, whose
transverse load is a uniform distributed force along the whole length of the beam. In [6] the stability
problem of the considered beam-column is also investigated. Lengyel and Ecsedi presented a second
order analysis of composite beam-columns with interlayer slip. The considered beam carries the
transverse load and constant axial load [13].

In the present paper a slip-deflection formulation is presented to solve the statics problem of composite
beams with imperfect shear connectionand constant axial load.

1. Governing equations

The present paper deals with the solution of a static problem of composite two-layered beam-column
with imperfect shear connection. The considered simply supported beam-column and its loads are
shown in Figure 1. The beam-column carries the axial and transverse loads.

o
-

Figure 1 Layered composite beam-column and its applied load.

The cross section of composite beam is given in Figure 2, the shape and data of cross sectionis borrowed
from the paper [6].
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Figure 2 The cross section of the composite beam-column.
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In both examples the following data will be used
hy =0.025 [m], by = 0.3 [m], h, =0.075[m], b, =0.05[m], L =4[m]. (D)
The modulus of elasticity of the beam component i is E; (i = 1,2) where
E; = 1.2 x 1019 [Pa], E, = 8x 10° [Pa]. (2)

The center of the cross section A; is denoted by C; (i = 1,2). The E-weighted center of composite cross
section is C. In present problem the E-weighted center of the composite cross section is on the common

boundary curve of cross sections A; and A, as shownin Figure 2. The length of the beam is L. The origin
O of the rectangular Cartesian coordinate system Oxyz is the E-weighted center of the left end cross

section A = A; U A,, so that the axis z is the E -weighted center-line of the considered two-layer
composite beam-column with flexible shear connection. Denote the beam-column component i is B;

(i=1,2). A point Q in B = B; U B, is illustrated by the position vector O—Q) =1 = xe,+ ye, +ze,,
where ey, e, and e, are the unit vectors of the coordinate system Oxyz. It is known that the position of

the E-weighted center C is obtained as (see Figure 2)

ey ASE, _AE
cl—|OC1|—A—Ec, Ccy = A, ¢, c=hy+h,, 3
AE = AlEl +A2E2. (4‘)

The common boundary of the beam component B; and B, is determined by y = 0, |x| < 0.5b, (see
Figure 2). The applied axial force acts on the beam-column component B; is denoted by P; is the point
C; (i = 1,2). The magnitude of P; and P, are such that the point of application of resultant axial force
P = P; + P, is the E -weighted center C of the composite cross section A = A; U A,. From this fact it
followsthat (see Figure 3)

C2 G
P,=—P, P, =—P. 5
| = 2P, Py = 5)
y
B] C]
——
0 ek
e
G
—
Py

Figure 3 Illustration of the applied axial load.

According to the Euler-Bernoulli beam theory which is valid for each homogenous beam-column
component, the deformation of the whole composite beam with constant axial load can be described by

the following displacement field
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u=0, v=v(z) (x,y,z) €B; UB,, (6)
dv Pz
w(y,z) = wy(2) — (x,y,2) €By, 7
y 1 Yz~ A, y 1 )
dv P2Z
w(y, z) = w,(z) — (x,v,z) € B,. 8
y 2 Yaz 4,5 y 2 3)

In equations (6), (7) and (8) u is the displacement in direction of e,, v is the displacement in direction
ofey, and w is the displacement in direction of e,, which is the axial displacement (Figure 1). On the

common boundary of B; and B, the axial displacement may have jump whichis called the interlayer slip

_ Py P, )
s = wi (D) ~wy @)~z i) ©
Form equations (4) and (6) it followsthat
Py P,
WE AE (10)
that is
s(z) =wy(2) —w,y(2). (11)

Application of the strain-displacement relationships of the linearized theory of elasticity gives [18,19]
Ex =& =Vxy =Vxz=Vyz =0 (x,y,2) €B, (12)

dw1 d?v P

= e €B 1
=4 V&I AL (x,y,2) € By, (13)

dw, d>v P,
2574z Y4z ALE,

(x,v,2) € B,. (14)

In equation (12), (13) and (14) &4, ¢yand &, are the normal strains, yy,, ¥y, and y,,are the shearing

strains. By the use of Hooke’s law, the following formulae are derived for the normal stress o,

O-Z dZ deZ Al x’y’Z 1 ( )
dw, d?v Py
o,=E, ( % Va2 ) a, (x,y,2) € B,. (16)

are used.

The subsection forcesand moments, according to the beam'’s theory, are defined as

N1 = f O'ZdA =ny — P1: NZ = f O'ZdA =Ny — Pz, (17)
Al AZ
dw, d?v
M1 = . yO'ZdA = _ClElAla - E111 @ - C1P1! (18)
1
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dw, d?v
M2 = yO'ZdA: —C2E2A2¥—E212@+C2P2. (19)
Az
In equation (17)

dW1 dzv sz dzv
ny = E1 4, E‘Q@ ) ny=E A\ —+c27=5 ),

dz dz (20)
and in equations (18) and (19)
I; = f y2dA i=12) (21)
Aj
[tis evident, that
Ny +N, = —P, (22)
thatis
ny+n,=0. (23)
By the use of equation (23)
e+ B 7 = (g e BT 0
equation (23) can be written in the form
ElAld—Vzl—EzAzd—M;zzo. 0<z<L. (25)

From equation (9) it followsthat

ds dw; dw,

dz  dz dz’ (26)
The combination of equation (25) with equation (26) gives

dw; E,A, ds ¢ ds @7
dz _A1E1+A2E2dz B C dZ’
dw E A ds c,ds
2 _ 141 ds_ _Cals (28)
dz AlEl +A2E2 dz cdz

Inserting this result into the expression of N;, N, and M;, M, gives

ds d?v
N1:B &—C@ —P1=n1(Z)—P1,

(29)
ds d%v
N2=_B &_C@ —P2=n2(Z)—P2, (30)
ds d?v
M1 = ClB d_Z_ Elllﬁ - C1P1, (31)
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ds d?v
MZ :CZB&—E212@+C2P2. (32)
From equations (29) - (32) it followsthat
ds d%v
nl(z) =N, (Z) =B <E - C@) (33)
and
ds d%v
M(Z)=M1(Z)+M2(Z)=CBE—]@, (34)

where M = M(z) is the bending moment on the whole cross section, and j = E{I; + E; 1.

+ Az
N] Nl +le
—— AB, —_—
0 2 il LT AL z
S =ks

Figure 4 Free body diagram of beam component AB,.

Application of the condition of equilibrium for the forces acting in axial direction of the beam-column
component B; (see Figure 4) the followingequation can be derived

dN.
d—; —k(w; —wy) = 0. (35)

In equation (35) S = ks is the interlayer shear forceand k is the slip modulus [2,6,8]. The detailed form
of equation (35) is

de—s k B@—O 36

dz? §—¢ dz3 (36)
T +dT

y

0] Z Z+Az 2

Figure 5 Beam element with its load.
Figure 5 shows a beam element and its load. According to Figure 5 the followingequilibrium equations
are valid

dr
L Th=0 0<z<lL (37)
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dm dv

dz dz
In equations (37) and (38) f,, = f, (2) is the applied distributed forcein direction of axis y and T = T'(z)

=0 0<z<L. (38)

is the cross-sectional shear force. Combination of equation (37) with equation (38) gives

d’M d?v
w7 Paz

o +f,=0 0<z<L. (39
Substitution of expression M = M(z) into equation (39) provides a fundamental equation of slip-

deflection formulation

pPs_ A 4 0 0ez<L 40
¢ dz3 ]dz4 dz? fy = z : (40)

The determination of deflection and of slip function is based on the system of equations (36), (39). In

the case of first order analysis the following equilibrium equation

M T=0 0<z<L 41
dZ - Z . ( )

is used instead of equation (38).
2. Simply supported beam-columns with constant axial load

Figure 1 shows the simply supported beam with its load. The boundary conditions for simply supported
beam are formulated as [4,6]

v(0) =0, M@O)=0, n(0)=0, (42)
v(l)=0, M@L)=0, n(L)=0. (43)

The Fourier series representation of the applied transverse load is used

- o ln
fy(z)zz:flsmfz 0<z<I, (44)
=1
where
L
2 o m
fi= Zf £ (2) sin—-z dz (U=12..). (45)
0

The solution of the system of differential equations (36), (39) is looked as

< I = o lr
v(2) =ZV1 sin—-z, s(z) =ZSZ sin—-z. (46)
=1 =1
A simple computation gives the following result

M()—i lﬂBS+(lﬂ>2 7 | sin T 47
Z_l_l cTBS+(T) ii|sinrz, (47)
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n(z) =i— [B%TSL+CB (lfn)z Vl] sinlfnz , (48)
=1
1@ =y e (%) s (1) = p12)oisne )
=1

It is evident that the functions given by equation (46), (47) and (48) satisfy the prescribed boundary
conditions for arbitrary values of V, S; (I = 1, 2,3, ...). From the governing differential equation (36)
and (39) it followsthat

v, = ~ (=123 (50)

() e ()

cn (1)

e+B(m)

L= vV, (=123..). (D

The expression of normal stress g, in terms of s = s(z) and v = v(z) can be derived by the use of
equations (15), (16),(26) and (27)

(n7) = —E cds  d*v\ P, 0<v<h 52
0\Y,2) = 1 c dz deZ A1 =y =n, ( )
02 = B2 1y S0P <y <o 53
O-Z y’Z - 2 CdZ ydzz AZ 1—y— " ( )
The shear stress resultant Ny, is introduced as
Ny, =1ty,b; for 0<y<2h,, (54)
Ny, =1y,b, for —2h; <y <0. (55)
Integration of the equilibrium equation
0ty, 0do,
Y2412 Z_0 56
dy 0z ’ (56)
gives
(o
o
7y,(1,2) — 1,,(0,2) = —f 6ZZ dz. (57)
0

The shearing stress t,,, = 7,,,(y, 2) satisfies the boundary conditions
Tyz (Zhllz) = Oﬁ TyZ(_ZhZ' Z) = 0 (58)

The continuity condition of shearing stress resultant Ny, in terms of shearing stress 7,, can be

formulated as
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lgi{)r(l)(blryz(gzlz) - bZTyZ(_SZ’Z)) = O

(59)

Knowing the normal stress g, and 7, it is possible to obtain from equilibrium equation the normal

stress o,
do, 01y, B
dy = 0z
Integration of equation (60) gives
‘ 0
Tyz
oy (y,2) —0,(0,2) = — 3
0

dy.

The normal stress g, = gy, (y, z) satisfies the followingstress boundary conditions

f (@)

0y (2hy,2) = b’ 0y (=2hyz) = 0.

Subservient to define the normal stress resultant N, as

N, =0,b; for0<y < 2h,,

N, =oy,b, for—2h, <y <0.

The continuity condition of N, at y = 0 gives

]si_r)[‘(l)(blo'y(gz;z) — by0,(—€%,2)) = 0.

(60)

(61)

(62)

(63)

(64)

(65)

In the numerical examples the graphs of o, = 0,(y,2), Ny, = Ny,(y,z) and N, = N, (y,2) for some

values of axial coordinate z are presented.

3. Examples

3.1. Example 1

Figure 6 shows the beam-column and its applied load.
k =50 x 10° [Pa]

y = 1800 [X
éb [] ‘f(')

P =7x10°[N]

D
f;i L
2

— fronny g
- |l

N~

7

Figure 6 Partially loaded beam-column with uniform load.

The plots of function v = v(z) and ¢ = ¢ (z) are shown in Figure 7 and 8.

22



International Journal of Engineering and Management Sciences (IJEMS) Vol. 8. (2023). No. 3.

0.001

DOI:10.217911JEMS.2023.022

v(z) [m]

T T T I T T T

0

T

-0.001+

-0.002+

-0.003

T

-0.004

-0.0051

T

I~

-0.006
0

Figure 7 The graph of the deflection function v = v(z).
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Figure 8 The graph of the cross-sectional rotation function ¢ = ¢ (z).

The graph of the slip functions = s(z) is illustrated in Figure 9.

2e-15
5(z) [m]

1.5e=157===

le-151
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-le-157

-1.5e-15
0
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Figure 9 The graph of slip function s = s(z).

The graphs of M = M(z), n =n(z) and T = T(z) are shown in Figures 10, 11 and 12. Since the

composite beam-columns with simply supported boundary conditions is statically determinate, the
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bending moment and shear force diagrams canbe obtained immediately from the applied load. This fact
gives an opportunity to check the validity of results obtained by the applications of formulae (47) and
(49).

500 T T T T T T T
M(z) [Nm] :

N~

-500

-1000

-1500

-2000

-2500 1 1 I 1 1 1 1
0 0.5 1 1.5 2

z[m]

Figure 10 The graph of the bending moment function M = M (z).

2000 T T T T
n(z) [N]

o~

-2000

!

-4000
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-8000+

T

-10000

-12000

-14000+

-16000 | 1 1 I I 1 |
0 0.5 1 § 35 4

Figure 11 The graph of the function n = n(z).

3000
T(2)[N]
2500
2000

1500+

T

T

T

1000

z[m]

Figure 12 The graph of the shear force function T = T(z).
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The stress field is obtained by the application of equations (52), (53) and equations (54), (55), (57),
(58), (61),(63) and (64).

The plots of normal stress o,(y,z) as a function of y forz=1L/6,z=L/4,z=3L/4and z= L are
shown in Figure 13.

? o, [Pa]
oA o ti.......3e+06 z=¢ W
=%t @
2e+06
_____________________________________________________ w
£ 4
______________________________ le+06 :=L®|

-0.15 -0.1 -0.05 0 0.05

Figure 13 Plots ofthe normal stress o, = 0,(y, z) for four different values of axial coordinate.

The graphs of the shearing stress resultant N,,,(y, z) as a function of y are presented in Figure 14.

T I
_L | : 20000 | MelPaml
‘T3 . i o DS
B PP = 2 i .
9 ]
i : o 15000
M VOR | T A—— B Vg TR IR o e (B, ;. T —
: &7 >
=LY & 10000 S
,’A R S S SRS S S ] R,
% L A oA 4 AL 24 @
,,,,,, "’F_«rﬁff"’“_\\
e A A 5000 e
' - o y
ﬂ/”"/ 0 \‘\
i i -10000
0.15 0.1 -0.05 0 0.05
3 y[m]

Figure 14 The graphs of the shearing stress resultant as a function of y for four different values of z.

The plots of the normal stress resultants N,,(y,z) as a function of y for four different values of the z

coordinate are given in Figure 15.
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T T

L ; : 0 N, [Pam]
v . -
- & !

-0.15 -0.1 -0.05 0 0.05

Figure 15 The plots of the function N,, = N(y, z) as a function of y forz = 0,z = 0.25L, z = 0.66L and z = 0.99L.

3.2. Example 2
Figure 16 shows the beam-column and its applied load. The expression of the applied transverse load is
_fo
fy(2) = 17 for0<z <L (66)

k =50 x 10° [Pa]

P =7x10°[N]

TR R
L =4[m] |

|A —
|-t |

Figure 16 The beam-column with a linearly varying load and constant axial load.

The graphs of the deflection function v = v(z) and the cross-sectional rotation function ¢ = ¢(z) are

presented in Figures 17 and 18.

0.001 T T T
v(z) [m] :
0

“ .N'h

-0.001+

0002 <=o= — IR . S—— S RRCREISERPIEEE TS

T

-0.003+

PRI IS P Jhw, SIS - SN S—

-0.006 ' . ’ '
Figure 17 The plot of the deflection function v = v(Zz).
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Figure 18 The graph of the cross-sectional rotation function ¢ = ¢ (z).

The plot of slip functions = s(z) is shown in Figure 19.

2e-15 T T T T il T T
s(z) [m]
1.5e-15+1

T

le-154

b e e e

Figure 19 The plot of the slip function s = s(z).

The graphs of the bending moment M = M (z) and shear force T = T(z) are given by in Figures 20 and
21.

500 T T ! T T T
M(z) [Nm] ‘

]

-500-
-1000---- - B e S e S Y e

-1500+

-2000+

22500 I 1 I 1 1 1 |
0 0.5 1 1.5 2 25 3 3.5 4

z[m]

Figure 20 The graph of the bending moment function M = M (z).
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Figure 21 The plot of the cross-sectional shear force function T = T(z).

The plot of the function n = n(z) is presented in Figure 22.
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Figure 22 The graph of the function n = n(z).

The plots of normal stress g, = g,(y,z) and the stress resultant N,,, = N,,,(y,z) are shown in Figures

23 and 24 as a function of y for four different values of he axial coordinate z.

A : o [Pal
A, . 3e+06
: : L[ =Lt m
2+06| | =% ®
b I—
z=L ¢

-0.15 -0.1 -0.05 0 0.05

Figure 23 The graphs ofthe normal stresses as a function of y for four different values of axial coordinate.
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Figure 24 The graphs of the shearing stress resultant N, = N,,,(y, z) as a function of y forz = i, § ,g, L.

The plots of the normal stress resultant N,, = N,,(y, z) as a functionof y are presented in Figure 25 for

L L L
z=-,-,-, L.
4’3’2’

i
-0.05 0 0.05

y[m]
L

Figure 25 The graphs of the shearing stress resultant N, = N,,(y, z) as a function of y for z = f‘, 35

=

,L.

4. Conclusions

In this paper a two-layered composite beam-column with imperfect shear connectionis considered. The
beam-column at both end is simply supported and its applied load is transverse load which depends on
the axial coordinate and constant axial load. The presented closed form solution is obtained by the
Fourier series representation of the displacement and slip functions. Two examples illustrate the
application of the developed analytical method.
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